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Abstract

Unidirectionally fibre reinforced composites (UD FRCs) are an aspiring material where
high strength, adjustable stiffness, extraordinary durability and low weight is required.
Their layer-wise processing into laminates enables the realisation of complex geometries
with locally strongly differing properties. The design concept of integral construction
makes use of this feature and combines different tasks in just one component. The in-
creasing proportion of integral components brings significant savings in terms of struc-
tural weight and maintenance cost of the overall system. This development is currently
opposed by an enormous experimental effort which comes along with the application of
FRCs. The dimensioning of FRC laminates in terms of stiffness and strength has only
hesitantly been included into efficient, computer-aided design processes. For the three-
dimensional prediction of failure and post-failure behaviour there is currently no failure
theory available, which would have been implemented into a powerful design tool like
Finite Element Analysis (FEA) up to application maturity.

With Puck’s fracture criteria for unidirectionally fibre reinforces polymer composites (UD
FRPCs), however, there is a per se three-dimensional failure hypothesis, which has proven
its capability in the case of plane states of stress and which is successfully applied within
the according restrictions. The present work aims on the verification of this failure model
for a general three-dimensional load case, its appropriate extension and the combination
with the capabilities of a commercial FE software package. The result is an implementa-
tion which covers the layer-wise failure of a lamina and the successive damage evolution
within the laminate. Together with the interlaminar damage analysis which is already
comprised in such software packages, a comprehensive prediction tool for the damage
process in UD FRC composites is generated.

The present work contains problems and approaches which are related to the achievement
of the above mentioned goal. Starting with the representation of the nonlinear consti-
tutive behaviour of an isolated lamina there occur specific three-dimensional problems.
For example the material bears much more shear load under hydrostatic pressure, than
comprised in the uniaxially determined experimental stress-strain relation. Such cases are
treated by the self-similar scaling of the experimental curves. Being a stress-based crite-
rion Puck’s Theory requires the full spacial stress tensor, as soon as a three-dimensional
prediction is striven for. It is shown that only few of the commercially implemented fi-
nite element formulations are capable of providing these results in the case of shell-like



viii

structures. The quality of the results is evaluated by means of the analytical solution
following Pagano. Puck’s criteria for fibre and inter-fibre fracture (IFF) include some
extensions which gain importance particularly in the three-dimensional stress case. The
influences of fibre-parallel stress on the inter-fibre fracture and vice versa are presented
in the present work and their fracture-mechanical basis is demonstrated. In particular the
influence of stresses, which are not acting on the fracture plane, strongly increases in the
three-dimensional case. The versatility of Puck’s inter-fibre fracture criterion is proved
by its adjustment to the application to isotropic and not intrinsically brittle materials. Re-
garding the successive three-dimensional damage after the occurrence of an inter-fibre
fracture the existing degradation methods have been identified as insufficient. A fracture
angle-dependent approach is developed, which homogenises the effect of the fractures
and defines the impact on the several stiffnesses. Virtual material tests on representative
laminate sections which contain discrete cracks prove the applicability of the developed
relations. The described failure and post-failure degradation models are prepared for the
application within an implicit Finite Element Analysis. Their implementation into the
commercial software package ABAQUS is modular whereas the post-processing of con-
ventionally derived or existing stress fields is sufficient for a pure failure prediction. Only
if the post-failure degradation process is to be analysed, deeper manipulations of the FE
analysis in form of a user-defined material subroutine are necessary. The applicability
of the generated implementation is proved by the analysis of twelve test cases which are
provided by the second World Wide Failure Exercise (WWFE-II). The given test cases
comprise the failure and post-failure analysis of pure matrix material, of isolated laminae
and of laminates subjected to three-dimensional load. All the test cases are treated with
an identical subroutine, hence with a single, consistent failure theory and the results are
interpreted regarding the actual material behaviour and the underlying failure prediction
approaches. It is shown that the application of Puck’s fracture hypotheses within a Fi-
nite Element Analysis is a versatile and efficient tool for the three-dimensional failure
prediction in UD FRC laminates.



Zusammenfassung

Unidirektional faserverstärkte Verbundwerkstoffe sind überall dort ein zukunftsträchtiges
Material, wo hohe Festigkeit, variable Steifigkeit, außerordentliche Haltbarkeit und leich-
tes Gewicht von Vorteil sind. Ihre schichtweise Verarbeitung zu Laminaten erlaubt es,
komplexe Geometrien mit lokal stark unterschiedlichen Eigenschaften zu erzeugen. Das
konstruktive Konzept der Integralbauweise macht sich diese Fähigkeiten zunutze und ver-
eint so mehrere Aufgaben in einem Bauteil. Der zunehmende Anteil an Integralbauteilen
erlaubt bedeutende Einsparungen hinsichtlich Gewicht und Wartungskosten des Gesamt-
systems. Dieser Entwicklung steht momentan ein hoher experimenteller Aufwand ent-
gegen, der mit der Verwendung von Faserverbund-Laminaten einher geht. Die Ausle-
gung von Faserverbund-Laminaten hinsichtlich Steifigkeit und Festigkeit hat erst zöger-
lich Eingang in effiziente, computer-unterstützte Entwurfsprozesse gefunden. Für die
dreidimensionale Vorhersage des Versagens- und Nachversagensverhalten steht momen-
tan kein Versagensmodell bereit, das bis zur Anwendungsreife in ein leistungsfähiges
Auslegungswerkzeug wie die Finite Elemente (FE) Analyse integriert wäre.

Mit den Puck’schen Bruchkriterien für unidirektional faserverstärkte Polymer-Verbunde
steht jedoch eine per se dreidimensionale Versagenshypothese zur Verfügung, deren
Leistungsfähigkeit für den ebenen Spannungsfall bereits bewiesen wurde und mit den
entsprechenden Einschränkungen erfolgreich eingesetzt wird. Die vorliegende Arbeit
verfolgt das Ziel, dieses Versagensmodell für den allgemeinen, dreidimensionalen Span-
nungsfall zu ertüchtigen, gegebenenfalls zu erweitern und mit der Leistungsfähigkeit
einer kommerziellen FE-Software zu verbinden. Ergebnis ist eine Implementierung, die
das schichtweise Versagen eines Laminates und die fortschreitende Schädigung des Ver-
bundes umfasst. Zusammen mit den interlaminaren Schädigungsmodellen, die bereits
in derartigen Softwarepaketen enthalten sind, ergibt sich so eine umfassende Vorher-
sagemöglichkeit des Schädigungsprozesses in Faserverbund-Laminaten.

Die vorliegende Arbeit behandelt Probleme und Lösungsansätze, die mit dem Er-
reichen dieses Ziels verbunden sind. Bereits bei der Abbildung des nichtlinearen kon-
stitutiven Verhaltens einer Einzelschicht treten spezifisch dreidimensionale Probleme
auf. Beispielsweise erträgt der Werkstoff unter hydrostatischem Druck weit mehr
Schubbeanspruchung, als die einachsig ermittelte Schubspannungs-Scherungskurve um-
fasst. Solche Fälle werden durch die selbstähnliche Skalierung der experimentellen
Kurven behandelt. Als spannngsbasiertes Kriterium benötigt Puck’s Theorie den kom-
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pletten räumlichen Spannungstensor, sobald eine dreidimensionale Vorhersage getrof-
fen werden soll. Es wird gezeigt, dass nur wenige der kommerziell implementierten
finiten Elementformulierungen in der Lage sind, dieses Ergebnis für schalenartige Struk-
turen bereit zu stellen. Die Güte dieser Ergebnisse wird anhand der analytischen
Lösung nach Pagano beurteilt. Die Puck’schen Kriterien für Faser- und Zwischen-
faserbruch umfassen eine Reihe von Erweiterungen, die gerade im räumlichen Span-
nungsfall an Relevanz gewinnen. Die Einflüsse von faserparallelen Spannungen auf den
Zwischenfaserbruch und umgekehrt werden in dieser Arbeit dargelegt und ihr bruch-
mechanischer Hintergrund beleuchtet. Insbesondere der Einfluss der Spannungen, die
nicht auf der Bruchebene wirken, nimmt im dreidimensionalen Fall stark zu. Die Viel-
seitigkeit des Puck’schen Zwischenfaserbruch-Kriteriums wird dadurch bewiesen, dass
es an die Anwendung auf isotrope und nicht intrinsisch spröde Werkstoffe angepasst
wird. Hinsichtlich der fortschreitenden dreidimensionalen Schädigung nach Eintreten
eines Zwischenfaserbruches haben sich die vorhanden Degradationsmethoden als unzure-
ichend erwiesen. Es wird ein bruchwinkelabhängiges Verfahren entwickelt, mit dem
die Auswirkung der Schädigung homogenisiert und den entsprechenden Steifigkeiten
zugeschlagen wird. Durch virtuelle Materialtests an Laminat-Ausschnitten, die diskrete
Risse enthalten, wird die Anwendbarkeit der entwickelten Zusammenhänge bestätigt. Die
beschriebenen Versagens- und Degradationsmodelle werden zur Anwendung innerhalb
einer impliziten FE Analyse aufbereitet. Ihre Implementierung in das kommerzielle Pro-
grammpaket ABAQUS kann modular erfolgen, wobei für die reine Versagensvorhersage
ein Postprocessing von konventionell erzeugten oder bereits vorhandenen Spannungs-
feldern ausreicht. Erst wenn das Degradationsverhalten entsprechend abgebildet wer-
den soll, werden tiefere Eingriffe in die FE-Analyse in Form einer benutzerdefinierten
Material-Subroutine notwendig. Die Anwendungstauglichkeit der entstandenen Imple-
mentierung wird durch die Analyse von zwölf Testfällen bewiesen, die dem World Wide
Failure Exercise II entspringen. Die gegebenen Testfälle umfassen die Versagens- und
Nachversagensanalyse von reinem Matrixmaterial, von Einzelschichten und Laminaten
unter räumlicher Beanspruchung. Alle Testfälle werden mit der selben Subroutine, dem-
nach mit einem konsistenten Versagensmodell bearbeitet und die Ergebnisse werden hin-
sichtlich des Materialverhaltens und modelltheoretisch interpretiert. Es wird gezeigt, dass
die Anwendung der Puck’schen Bruchhypothesen im Rahmen der Finite Elemente Meth-
ode ein vielseitiges und effizientes Werkzeug zur dreidimensionalen Schadensvorhersage
in Faserverbund-Laminaten darstellt.
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Notation

Coordinate Systems

𝑥, 𝑦, 𝑧 Global coordinate system of a laminate
𝑥1, 𝑥2, 𝑥3 Coordinate system of a UD lamina, 𝑥1 being fibre-parallel,

𝑥3 in through-thickness direction
𝑥∥, 𝑥⊥ Cylindrical coordinate system of a UD lamina, 𝑥∥ being fibre-parallel
𝑥1, 𝑥𝑛, 𝑥𝑡 Coordinate system of an action plane, 𝑥1 being fibre-parallel

Arabic characters

𝑐 Index denoting compression
𝐸 Stiffness matrix
𝑓 Index denoting fibres’ figures
𝑓𝐸 Stress exposure
𝑓𝑆 Stretch factor
𝑓𝑟, 𝑓𝑝 Index denoting fracture / fracture plane
𝐹𝐹, 𝐼𝐹𝐹 Index denoting figures concerning fibre fracture / inter-fibre fracture
𝑚 Minimum of the weakening factor 𝜂𝑤1
𝑚𝜎𝑓 Magnification factor for matrix stresses
𝑘 Shear impact degradation measure
𝑙 Stress exposure impact degradation measure
𝑛 Orientation impact degradation measure
𝑝 Inclination parameter
𝑅 Strength of the material
𝑅𝐴 Fracture resistance of the action plane
𝑠 Threshold of the 𝜂𝑤1 influence
𝑆 Integrated standardised stress exposure
𝑆 Compliance matrix
𝑡 Index denoting tension
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𝛾 Shear strain
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𝜂 Degradation progress measure
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𝜂𝑤1 Weakening factor due to fibre-parallel stresses 𝜎1

𝜃 Orientation of an action plane
𝜈 Poisson’s ratio
𝜎 Normal stress
𝜏 Shear stress
𝜑 Second angle unambiguously defining an action plane in isotropic material
𝜓 Direction of the resultant shear in an action plane
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2D two-dimensional
3D three-dimensional
BMBF Bundesministerium für Bildung und Forschung

Federal Ministry of Education and research
CAE computer aided design
CFRC carbon fibre reinforced composite
CLT classical laminate theory
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FE finite element
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GFRC glass fibre reinforced composite
GMC generalised method of cells
HSDT higher-order shear deformation theory
IFF inter-fibre fracture
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PVD principle of virtual displacement
RMVT Reissner’s mixed variational theorem
RVE representative volume element
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UMAT user material behaviour subroutine
WWFE World Wide Failure Exercise





1 Introduction

1.1 Motivation

Engineering composite materials have been present in research and industry for several
decades. Starting in the 1950s designs have been realised which heavily rely on the main
features of unidirectionally fibre-reinforced composite (UD FRC) laminates – the low
weight to strength ratio and the individually adjustable constitutive characteristics. Along
with comprehensive experimental effort extraordinary durable designs of lightweight cov-
erings and casings as well as first structurally integrated parts in sail-planes, wind turbines
and yachts have been realised. In the beginning the advantages of UD FRCs in terms of
strength, weight, and manufacturing outbalanced the high necessary safety factors due to
the lack of predictability of the material’s behaviour. Nowadays, however, security fac-
tors are opposed to commercial aspects and the material selection is stronger influenced
by the expense and reliability of its behaviour prediction than by the material’s capabili-
ties itself. In this context numerical predictions gain more and more importance in order
to omit expensive experiments.

It is only recently that composites have truly started to replace conventional materials
in commercial structural assemblies. The automotive industry starts to incorporate FRC
accessories, peripheral structural parts, crash boxes and car bodies. The more weight-
sensitive aerospace sector has already dared to build highly security-relevant structures
like tails or fuselages and proceeds to primary load-carrying assemblies now. The Air-
bus A380’s wing box, the most important part of the structure since it transfers the load
between the wings and the fuselage, is completely made of fibre reinforced composite
(FRC) materials (see Fig. 1.1 and [1]). This great advance has been made possible by
the massive increase of computing power in the last two decades. Along with being able
to use more complex models, the components which can be studied to predict the fail-
ure behaviour can also be a lot more detailed. Based on the growing reliability of inplane
failure prediction [2] the application of FRC has been extended to complex geometries in-
cluding primary load transferring components, resulting occasionally in 3D loading of the
material. A safe design of such materials and structures requires an efficient and reliable
failure prediction under general 3D stress states.



2 CHAPTER 1. INTRODUCTION

Figure 1.1: The application of composite materials in the Airbus A380. (By courtesy of
Airbus)

1.2 Problems and aims

Within the collaborative research centre SFB-381 (1994-2006, [3]) the Univerität Stuttgart
has generated significant knowledge on the Characterisation of Damage Development in
Composite Materials Using Nondestructive Methods (SFB title). The project has iden-
tified damage mechanisms on different lengths-scales and developed the experimental
approaches to detect and monitor their occurrence, evolution and interaction. The re-
vealed relations have been covered by appropriate mathematical descriptions and the as-
sociated parameters have been determined for various material systems like wood, short
and long fibre reinforced polymer composites or steel reinforced concrete. The resulting
theories span from statistical descriptions of the successive fibre fracture (fibre bundle
models), over the description of stress concentration fields around successively failing
fibres up to macroscopic post-failure degradation models. The sub-project Numerical si-
mulation of damage evolution included the implementation of the generated knowledge
into application-oriented engineering tools. Aiming on the convenient application within
a generally three-dimensional stress analysis, the Institute of Statics and Dynamics of
Aerospace Structures (ISD) has evaluated several failure prediction approaches for UD
FRPCs. The main requirements were a fracture mechanical basis and an open, accessible
structure which allows the incorporation of various actual and future aspects.

Puck’s action plane-related failure criteria for unidirectional (UD) fibre reinforced poly-
mer composites [4] are three-dimensional formulations ab initio which have already
proven their capability in the first World-Wide Failure Exercise [5, 6]. From the beginning
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of their development Puck’s key-note has been the fracture mechanical interpretation of
numerous experimental results [7]. His decided distinction between fibre and inter-fibre
fracture provides efficient access points for systematic enhancements and adjustments.
Accordingly Puck’s Theory has been chosen as the most promising approach for the pre-
diction of lamina failures and of the post failure load redistribution process in laminates.
Being a stress-based theory, the quality of its failure prediction is strongly influenced by
the preceding stress analysis. Aiming on complex geometries far beyond a plane layer
composition, analytical tools making use of the Classical Laminate Theory (CLT) are
obviously falling short of a Finite Element Analysis (FEA). In particular, commercial
FEA packages like ABAQUS [8] provide verified user-friendly algorithms for all kinds of
nonlinear constitutive behaviour, the simulation of the curing process and the prediction
of interface failure (delamination). Joining these capabilities with reliable intralaminar
failure criteria results in a comprehensive failure prediction tool for UD FRPC laminates.

Although Puck’s Theory is based on fully three-dimensional fracture mechanics, its appli-
cation on load cases beyond plane states of stress has been neglected in the past. Existing
enhancements regarding fibre fracture (see Sec. 4.7) or the interaction between transverse
and shear deformation (see Sec. 3.1.3) have not been fully brought to a 3D application
maturity whereas the specific 3D enhancement of the 𝜂𝑚+𝑝-correction (see Sec. 4.3.2)
seemed ignored by the users due to its alleged empirical character. The fracture angle-
dependent three-dimensional behaviour of a successively damaging lamina has not been
covered by any post failure degradation rule so far. It is the declared aim of the present
work to close the gap between Puck’s Theory and its unhindered three-dimensional ap-
plication within contemporary computer aided engineering (CAE) processes. The present
work focuses on the three-dimensional work-over and verification1 of Puck’s Theory, the
development of an adequate 3D degradation procedure and the application-oriented im-
plementation into the established FEA tool ABAQUS. The second World Wide Failure
Exercise (WWFE-II) initiated in 2007 provides the adequate 3D test cases to prove the
applicability and versatility of the developed approaches.

1.3 Structure of the present work

The present documentation aims at imparting a profound perception of the mechanisms
acting in damaging laminae and laminates and a deep understanding of Puck’s Theory, its
enhancements and the produced results. Furthermore it intends to encourage the reader
to comprehend the presented implementation in order to apply the developed approaches

1Does the model in 3D cases behave as it was originally intended to?
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within his individual design process.

A deliberate application of any failure criteria requires an overview of the material’s char-
acteristics, its composition and its inherent failure mechanisms. Chapter 2 describes the
scales of UD FRC laminae and laminates (see Sec. 2.1), the different types of failure in
a lamina (see Sec. 2.2) and the successive failure of a laminate (see Sec. 2.3.1). Three
examples of failure in automotive structures (see Sec. 2.4) complete the chapter.

The basis of any failure analysis, the determination of the stresses acting in a structure, a
laminate and eventually every single lamina, is addressed in chapter 3. After the presen-
tation of the constitutive model including nonlinear extensions (see Secs. 3.1.1 to 3.1.3),
the sections 3.2 and 3.3 address the theoretical and practical aspects of Finite Element
representations of laminates and laminate structures. The different approaches are evalu-
ated by means of the analytical solution for multilayered plates be Pagano (see Sec. 3.4).
Regarding the determination of the general behaviour of laminate materials, section 3.5
introduces the Representative Volume Element (RVE) or Unitcell approach before the
discussion of geometric nonlinearity (see Sec. 3.6) and of residual stresses (see Sec. 3.7)
conclude the chapter.

Chapter 4 presents Puck’s Theory for unidirectionally fibre-reinforced polymer composite
laminae. Divided into inter-fibre fracture (see Sec. 4.2) and fibre fracture (see Sec. 4.7),
the former requires a more detailed description. In addition to application-oriented as-
pects (see Sec. 4.2.2), section 4.3.1 addresses the influence of fibre-parallel stresses on
the inter-fibre fracture (IFF) whereas section 4.3.2 covers the influences of non-fracture
plane stresses particular important in the case of 3D load cases. The presented relation
between fracture plane stresses and the Mohr’s circle demonstrate the meaning of an ac-
tion plane-related fracture criterion (see Sec. 4.4). The application of Puck’s IFF criteria
to isotropic and not intrinsically brittle materials rounds out the Puck’s Theory chapter
(see Sec. 4.6).

After a macroscopic inter-fibre fracture has been predicted by Puck’s criteria, the post-
failure degradation analysis starts (see Ch. 5) and section 5.2 describes the underlying
smeared crack representation of the successively damaging lamina. The following sec-
tion 5.3 provides an overview on existing – mainly two-dimensional – degradation rules
before the development of a 3D degradation rule is described in detail (see Sec. 5.5).
The approach is validated by virtual material tests on RVEs containing discrete cracks in
section 5.6.

The implementation of the introduced and developed material behaviour descriptions is
presented in chapter 6 before the generated user material behaviour subroutine is applied
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to the twelve test cases of the WWFE-II (see Ch. 7). The experiences and findings gained
from the three-dimensional verification and extension of Puck’s failure and post-failure
theory, the implementation and the application to the test cases is summarised in chapter 8.





2 Failure of UD fibre-reinforced composites

Composites are fixed assemblies of at least two phases of originally separated materials.
The present work deals with laminates which are to be categorised as composites in two
senses – they are a composition of stacked laminae which themselves are a combination
of fibres and an embedding matrix. The present work is based on and valid for materials
consisting of idealised infinite glass or carbon fibres and polymer matrices. However,
aiming at the physical mechanisms rather than the empirical correlations, the presented
findings are expected to be transferable to different material systems with comparable
setups. The present chapter provides a definition of terms, scales and coordinate systems
of UD fibre-reinforced composites (see Sec. 2.1), an overview on failure mechanisms in
laminae and laminates (see Secs. 2.2 and 2.3) and exemplary cases and definitions of
failure (see Sec. 2.4). The relevance regarding the material models and failure analysis
described in the following chapters is pointed out.

2.1 Scales and coordinate systems of the material

According to the setup of UD fibre-reinforced composites there are four levels on which
the composite can be analysed.

2.1.1 Micro-mechanical level

On the smallest, the micro-mechanical level, the fibres and the matrix are treated as sepa-
rate materials with different constitutive behaviour (see Fig. 2.1a). This is the level, where
fibre-matrix and fibre-fibre interactions are studied. For example the bonding between
individual fibres and their surrounding matrix has been investigated experimentally and
numerically [9]. Furthermore, combined numerical and experimental results concerning
the load redistribution due to successive fibre failure [10] have been incorporated into sta-
tistical fibre-bundle models [11]. Regarding Puck’s failure criteria, the micro-mechanic
level is not explicitly analysed but major mechanisms are condensed and transferred to
the lamina level (see Sec. 4.3).
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Figure 2.1: Scales of a UD fibre reinforced composite: (a) The micro-mechanical level,
(b) the lamina level, and (c) the laminate level.

2.1.2 Lamina level

One scale above – on the lamina1 level, the fibre-matrix composite is regarded as a ho-
mogeneous but anisotropic material (see Fig. 2.1b). With its two inherent directions,
fibre-parallel (index ∥) and fibre-perpendicular (index ⊥), a UD-lamina generally behaves
transversely isotropic. Using common orthotropic material models this results in an iden-
tical behaviour in the transverse (index 2) and through-thickness direction (index 3) and
a differing behaviour in the longitudinal direction (index 1) of the lamina. The lamina’s
constitutive behaviour and strength is either experimentally determined by coupon tests
or derived from the individual fibre and matrix behaviour by mixture rules [12, 13], by
analytical micro-mechanical models [14, 15] or Representative Volume Element (RVE)
approaches [16, 17]. All the methods aim at the characterisation of the lamina by ho-
mogenised stiffnesses (𝐸1, 𝐸2, 𝐸3, 𝐺12, 𝐺13, 𝐺23) and strengths [18–20]. Most failure
criteria, including Puck’s Theory, are based on the stresses or strains calculated on the
lamina-level. This makes them layer-wise criteria for intra-laminar failure.

2.1.3 Laminate level

On the laminate level, the material is regarded as a stacked composition of several laminae
including their interfaces (see Fig. 2.1c). The orientation of the individual laminae is given
by the angle 𝛽 between a laminate-related x-axis and the fibre-orientation (1-direction) of
the respective lamina. The task of a stress analysis on the lamina level is to provide inter-
and intralaminar stresses of the individual laminae and interfaces due to loads applied
to the entire laminate. Hence the stress analysis on this level is also the basis for intra-

1The terms lamina, layer, and ply are used as synonyms within the present work whereas lamina is the
preferred term. Layer and ply are only used where required due to the general linguistic usage.
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laminar failure analysis and delamination prediction. In contrast to the lamina level, a
UD fibre-reinforced lamina may react truly orthotropic when confined within a laminate
regarding strength, this is called the in-situ effect (see Sec. 4.5).

2.1.4 Structural level

On the structural level, whole components are regarded. These may be of complex ge-
ometry and therefore of complex local stacking sequence (see Figs. 2.8 and 2.9). Stress
analyses on the structural level provide the local state of stress at an arbitrary position
within the component due to the external load applied to the component. The aim of
any application-oriented failure analysis has to be a reliable failure prediction within a
structural level analysis.

2.2 Types of failure

2.2.1 Micro-damage

The disintegration of any material starts on the micro-mechanical level. In the case of
a fibre-polymer lamina, already the manufacturing process of the fibre-matrix compos-
ite implicates micro-damage. Due to different thermal expansion coefficients of the fibre
and matrix and due to the matrix shrinking during polymerisation, considerable residual
stresses exist in the matrix already after the curing [21]. These stresses may lead to flaws
in the form of local fibre-matrix debonding and microscopic matrix cracks (see Fig. 2.2b).
An increasingly applied load rapidly causes the growth of these micro-defects regarding
dimension and quantity. Under applied shear load, microscopic hackles develop in the
matrix additionally (see Fig. 2.2a). Under an applied fibre-parallel load the early fracture
of individual fibres causes the neighbouring matrix to fail due to the locally increased
load (see Fig. 2.2c). These micro-defects initiate and develop long before a macroscopic
crack is visible, however, their existence has been proven by watching the material turning
opaque, by studying the material’s reduction in stiffness [22] or its acoustic emission [23].
The micro-damage influences both, the material’s stiffness and its strength. In the present
work the influence on the stiffness is regarded using nonlinear constitutive material mod-
els (see Sec. 3.1.2). The influence on the matrix strength is considered by two weakening
factors: One covers the local microscopic fibre-matrix debonding due to a high fibre-
parallel load (see Sec. 4.3.1), another accounts for the way in which microscopic matrix
cracks merge to a macroscopic inter-fibre fracture (see Sec. 4.3.2).
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Figure 2.2: Different forms of micro-defects in a UD FRC lamina: (a) Hackles due
to shear load 𝜏⊥∥, (b) matrix cracks and local fibre-matrix debonding due to fibre-
perpendicular tension 𝜎⊥, and (c) local matrix failure due to fibre-parallel tension 𝜎∥.

2.2.2 Fibre fracture

The two visible, macroscopic types of failure of a fibre-matrix composite appear on the
lamina level: fibre fracture (FF) and inter-fibre fracture. The former term defines the
fracture of most or all fibres of a lamina, not the fracture of individual fibres which statis-
tically start to break at some 50% to 70% of the fibre fracture limit. Hence a fibre fracture
criterion defines the load case, where the entire lamina abruptly separates in fibre-parallel
direction. Regarding the lamina as a homogeneous material, such criteria are defined
by the homogenised bearable load in the fibre-parallel, longitudinal direction of the ma-
terial. In this direction, a lamina behaves significantly different whether subjected to
tension or compression. Fibre-parallel tension leads to the separation of the material on a
fibre-perpendicular fracture plane. The load bearing capacity in this direction is strongly
dominated by the fibres. Accordingly, micro-damage in the matrix due to additionally
applied fibre-perpendicular load [24, 25] or shear [26] does not influence the load bearing
capacity in fibre direction. However, the load bearing capacity in fibre direction is influ-
enced by fibre-perpendicular load due to the differing lateral contraction behaviour of the
fibres and the matrix. This effect is covered by Puck’s extended fibre fracture criterion
(see Sec. 4.7).

In the fibre-parallel compressive load case, the appearance of a FF strongly depends on the
material system, i.e. the interaction between fibres and matrix. Perfectly supported and
aligned fibres may break due to shear in the fibres which results in an inclined fracture
plane and a mutually sliding of the newly emerged surfaces if kinematically possible.
This behaviour has been observed rarely and – if at all – for anisotropic carbon fibres
exclusively [27, 28]. By far the more common way of the fibres to get rid of their load
is to buckle. Depending on the material system and the fibre volume fracture, the scales
on which this mechanism is activated spans from micro-buckling to the macroscopic fibre
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kinking, where the fibres of large continuous regions deflect in a common direction. In
contrast to the fibre fractures due to tension, the supporting capacity of the matrix plays a
role under compression. Hence the presence of matrix defects due to fibre-perpendicular
or shear load influences the compressive load bearing capacity of the lamina [26] but this
effect has not yet been incorporated into Puck’s Theory. Note that any fibre fracture in
one or more laminae is currently defined as the application limit of the laminate.

2.2.3 Inter-fibre fracture

Loaded with fibre-perpendicular tension, fibre-perpendicular compression or any type of
shear, the lamina will eventually fail by an inter-fibre fracture (IFF). This term defines a
macroscopic crack running through the matrix material or along fibre-matrix boundaries
through an entire lamina (see Fig. 2.3). The result is a macroscopically planar fracture

a cb d
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i

Figure 2.3: In-Situ Laser Scanning Microscope [29] growth observation of a micro-
damage (a to c) leading to an inter-fibre fracture due to tensile 𝜎⊥ (d) (from [30]), close-
ups: (i) Scanning Electron Microscope micrograph of the area in front of the crack tip
(from [31]), (ii) Onset of micro-delamination.

plane. The significance of an IFF for the load bearing capacity of a laminate ranges
from harmless to fatal, depending on the fracture plane orientation and the transmitted
load (see Sec. 2.4). IFFs are a central part of this work and will be discussed in detail
in section 4.2.2. Puck’s Theory is capable of distinguishing between fibre and inter-fibre
fracture and predicts the orientation of the IFF plane as well as the stresses acting on that
plane. In the case of IFF, Puck has developed subsequent post-failure degradation rules
whereas a fibre fracture in one or more laminae is currently defined as the application
limit of the laminate.
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2.2.4 Delamination

A laminate as a stacked composition of several laminae may fail by the separation of
two or more of these layers. Such a delamination process is caused by inter-laminar
stresses namely through-thickness tension, inplane or through-thickness shear. A typical
deformation of a laminate leading to significant inter-laminar shear is bending, but also
inplane loading may lead to inter-laminar shear depending on the stacking sequence of the
laminate [32]. Neglecting the micro-mechanical aspects of delamination, it is a typical
problem of fracture mechanics to predict the onset and growth of a crack in a predefined
plane [33, 34] depending on the local mixture of fracture modes I, II or III (see Fig. 2.4a).
There are several analytical models for delamination onset and growth, mostly based on

Mode II
inplane
shear

Mode I
opening

Mode III
out-of-plane

shear

a b

0.5 mm

Figure 2.4: (a) Fracture modes following classical fracture mechanics, (b) Delamination
jumps between two interfaces via an inter-fibre fracture in a ±45∘ laminate (from [35]).

traction-separation laws and energy terms [36]. Efficient and reliable models have been
implemented in Finite Element (FE) formulations [37] and are conveniently available in
contemporary commercial FE packages [38]. Hence delamination is not considered in the
present work but the developed layer-wise failure and post-failure analysis is expected to
join existing delamination analyses in the medium term. It is known that delamination
and IFF mutually interact. It has often been observed that delamination starts at that
point where a macroscopic inter-fibre crack meets the interface between two laminae (see
Fig. 2.3, ii) [39]. On the other hand, IFFs develop and allow the delamination to jump
between different interfaces (see Fig. 2.4b). These effects are triggered by local stress
concentrations on crack tips and are not covered by Puck’s smeared crack representation
which does not predict the position of discrete cracks. On the structural level however,
IFF-damaged areas do influence the inter-laminar stresses by their declining stiffness and
the resulting change in the laminate’s overall stress distribution.

2.3 Successive failure

The failure of a composite material is a sequence of the described individual but interact-
ing failure mechanism through the whole range of length scales. This section summarises
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the history of events in a damaging lamina and laminate and introduces the relevant terms
and definitions regarding Puck’s Theory.

2.3.1 Damage evolution in a confined lamina

Using layer-wise failure and post-failure prediction methods like Puck, the study of the
successive IFF damage of a confined lamina is of fundamental interest. In the present ex-
ample, a 0∘ lamina is confined between two 90∘ laminae and the material is increasingly
loaded in the y-direction (see Fig. 2.5a). At about half the bearable load of the lamina,
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Figure 2.5: Successive IFF damage in a confined lamina (a): Growth of micro-defects
(b), micro-defects merge to a macroscopic crack through the entire lamina (c), increasing
number of macroscopic cracks in the lamina (d).

existing micro-defects start to grow and new ones are initiated (see Fig. 2.5b). At the
same time the material’s constitutive behaviour starts to become nonlinear, the lamina’s
stiffness continuously reduces. The quantity and growth of micro-defects depends on the
load case, but load cases – including through-thickness load – generally create more and
faster growing micro-defects than inplane load cases. With further increased load, the
micro-defects eventually merge to a crack through the entire lamina (c). When loading
an isolated lamina this is the load case at which it fails by its complete separation and
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looses its entire load bearing capacity. Consistently a layer-wise criterion like Puck de-
fines inter-fibre fracture meaning a macroscopic crack through the entire lamina as failure
of a lamina. Although the arisen fracture plane does no longer transmit any load, in the
case of a confined lamina the neighbouring laminae still induce load into the sound sec-
tions of the damaging lamina. The result is a growing number of macroscopic cracks
if more load is applied (see Fig. 2.5d). The amount of load which is induced into and
hence carried by the damaging lamina depends on the size of the sound sections. Accord-
ingly, with a growing macroscopic crack density, the portion of the applied load which
is carried by the damaging lamina reduces and more and more load is redistributed to
the neighbouring laminae. At a specific crack density – the saturated crack density, the
sound sections of the damaging lamina have become so small that the induced load is no
longer sufficient for producing further cracks. At this point the damage development in
the considered lamina is completed, even if more load is applied.

Following Puck’s Theory, the prediction of the whole damage development consists of
two parts: the failure analysis and the post failure degradation analysis. The former eval-
uates a state of stress regarding fibre and – in the present example – inter-fibre fracture.
The central parameter is the IFF stress exposure 𝑓𝐸 𝐼𝐹𝐹 running linearly from 0 (un-
loaded) to 1 (inter-fibre fracture) with linearly increasing stresses. Micro-damage starts
at a value of 𝑓𝐸 𝐼𝐹𝐹 ≈ 0.5 and its influence on the load bearing capacity is regarded by
weakening factors (see Sec. 4.3). The failure analysis is preferably based on a nonlinear
stress analysis which includes the effects of micro-defects on the material’s stiffness (see
Sec. 3.1.2). Having reached the IFF limit, in the subsequent post failure degradation anal-
ysis the material’s stiffness is reduced according to the applied load or the resulting crack
density respectively. A central measure is the weakening factor 𝜂 which develops from
1 (no stiffness reduction) to exemplary 0.3 (residual stiffness) when having reached the
saturated crack density. Regarding the numerical realisation the failure analysis is a post-
processing of calculated stresses which means it can independently follow any kind of
stress analysis. The degradation analysis, however, is constantly changing the material’s
constitutive behaviour and therefore stress and degradation analysis are two mutually in-
teracting parts of a numerical prediction beyond IFF.

2.3.2 Successive failure of a laminate

The successive damage of a balanced 0∘/90∘ laminate loaded in the y-direction (see
Fig. 2.6) is representative for the complex and interacting failure process of UD fibre-
reinforced composites. Loaded inplane by a tensile load 𝐹 , the first damage occurs in
the 0∘ laminae where fibre-transverse tensile 𝜎𝑡2 ⊥ produces the first ply failure in form
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Figure 2.6: Section of a balanced 0∘/90∘ laminate increasingly loaded: first ply failure
IFFs in the 0∘ laminae (a), second ply failure IFFs in the 90∘ laminae (b) and third ply
failure FFs in the 90∘ laminae (c).

of vertical IFFs (𝜃𝑓𝑝 = 0∘). Increasingly loaded, in the 0∘ laminae develop more and
more IFFs (see Fig. 2.6a) going along with the decrease of stiffness – the degradation –
of these laminae. The result is a load redistribution from the damaging laminae to the
neighbouring ones. Accordingly the tensile 𝜎𝑡1 ∥ in the 90∘ laminae increases together
with the laminae’s lateral contraction due to the Poisson’s effect. Impeded by the fibres
of the 0∘ laminae (they carry compressive 𝜎𝑐1 ∥), the result is a fibre-transverse tension
𝜎𝑡2 ⊥ in the 90∘ laminae producing the second ply failure: vertical IFFs in the 90∘ laminae
(b). Still capable of bearing the load 𝐹 , the laminate may be increasingly loaded until the
following fibre fractures in the 90∘ laminae mark the third ply failure and the final failure
of the laminate (c). This example proves the importance of the distinction between fibre
fracture (FF) and inter-fibre fracture (IFF) regarding failure analysis in a damage-tolerant
design process.

2.4 Failure on the structural level

The aim of any failure analysis is the prediction of when the application limit of a material
or a component will be reached. The definitions of these limits are as widespread as the
fields of application of fibre-reinforced composites or as their successive modes of failure.

2.4.1 Torsion spring

One of the key geometries for the development of Puck’s inter-fibre failure criteria was
a short torsion spring for the rear suspension of a passenger car (see Fig. 2.7). Consist-
ing of a ±45∘ laminate, an applied axial momentum 𝑀 leads to fibre-parallel tension
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𝜎𝑡1 ∥ together with fibre-transverse compression 𝜎𝑐2 ⊥ in the outer lamina (white) and to
fibre-parallel compression 𝜎𝑐1 ∥ together with fibre-transverse tension 𝜎𝑡2 ⊥ in the inner
lamina (grey). Repeatedly loaded, the inter-fibre fractures (IFFs) in the inner lamina (see
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Figure 2.7: Torsion spring made of UD Glass Fibre Reinforced Composite (GFRC): (a)
Fatal and (b) tolerable inter-fibre fracture (IFF).

Fig. 2.7b) turned out to be completely harmless for the structure and its load bearing ca-
pacity although these fractures had already occurred in large numbers after few cycles.
After the crack density of these cracks had reached its saturation, the spring survived 106

cycles as long as no IFF in the outer lamina occurred. In contrast to this a single IFF in the
outer lamina immediately led to the total failure of the complete structure (see Fig. 2.7a).
The inclined fracture plane (𝜃𝑓𝑝 ≈ 54∘) transmitting pressure leads to the wedge effect
where parts of the transmitted forces are deflected in trough-thickness direction. In the
present case these forces in positive and negative radial direction either cause the inner
lamina to collapse or the outer lamina to be blasted – both with the result of an immediate
total collapse of the loaded spring [4, 39, 40]. Although the example above is a fatigue ex-
periment and is hence far beyond the failure prediction topic and the scope of the present
work, it proves the importance of the distinction between different modes of inter-fibre
fracture.

2.4.2 Integral vehicle rear suspension

A contemporary example for the application of failure analysis on UD fibre-reinforced
composites is the integral vehicle rear suspension (see Fig. 2.8) developed by the project
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Aktives Leichtbaufahrwerk (Active Lightweight chassis) of the German Bundesminis-
terium für Bildung und Forschung (BMBF – Federal Ministry of Education and Research).
The aim is a lighter chassis due to the application of lightweight, multifunctional and
adaptive materials and the integration of currently a large number of structural assemblies
into a single suspension component. The fact that one single component is intended to

Figure 2.8: Starting point for the future integral vehicle rear suspension: Wheel-guiding
transverse leaf spring axle (grey) made of fibre-reinforced composite (FRC), additionally
visible suspension components (white) are to be integrated into the final construction
(from [41]).

transmit forces between the wheels and the vehicle and at the same time to cushion these
forces leads to a particularly narrow design space regarding stiffness [42]. Attached to a
passenger car, the customer requires maintenance-free components without the need for
health monitoring. Hence the design space regarding strength is also limited since a finite
life, damage-tolerant design is excluded. In this project a stress analysis by Finite Element
Method (FEM) combined with a failure analysis based on Puck’s Theory could identify
the overlapping of the two design spaces mentioned. This example proves the need for an
accurate damage initiation analysis including reliable information about the safety factor.

2.4.3 Pressure vessel

Another forward-looking application of UD FRC failure analysis is high pressure vessels
in fuel cell vehicles (see Fig. 2.9). Opel applies Puck’s Theory within a Computer Aided
Engineering (CAE) process chain from the laminate design over a filament winding si-
mulation, a quasistatic stress analysis up to a dynamic crash simulation [43]. The failure
and post-failure analysis aims at the prediction of the vessel’s toughness against inside
pressure as well as its behaviour in the case of a dynamic impact – both depending on the
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Figure 2.9: Section through the dome area of a wound composite pressure vessel: com-
plex stacking sequence (from [43]).

actual operating temperature. It is obvious that whenever it comes to the failure analy-
sis of a multi-purpose structure, all additionally available information about the predicted
failure becomes particularly valuable. In the case of a dynamic crash simulation particular
attention is to pay to the amount of energy which is absorbed by the degradation process.

The examples above altogether confirm the pursuit of a mechanism-based failure predic-
tion. Additionally to the information of when a failure occurs, information about what
happens at that particular load case enables the user to predict the limit of use of his in-
dividual component. Additionally such failure and post-failure analysis methods allow a
systematic design of laminates and structures regarding their successive damage evolu-
tion. Puck’s action plane-related fibre and inter-fibre failure criteria are regarded as the
most promising theories in terms of these requirements.



3 3D stress analysis in laminates and structures

According to the multiscale character of the material (see Sec. 2.1) the task of a stress
analysis is related to the respective level. On the lamina level the stress analysis assigns a
state of stress to any state of strain or vice versa, i.e. this is the level where the constitutive
behaviour of the individual lamina is interpreted (see Sec. 3.1). On the laminate level the
stress analysis determines the distribution of load among the involved laminae due to
loads which are applied to the laminate material as a whole. This may happen as part of
an analysis on the structural level whose task is the determination of the local states of
stress and strain at an arbitrary position of the structure due to loads which are applied
on specific positions in the form of forces or displacements (see Sec. 3.3.2). The second
important application of the stress analysis on the laminate level is the determination of
generalised laminate behaviour. In that context the presented RVE approach replaces
the established Classical Laminate Theory (CLT) in the case of applied 3D loads (see
Sec. 3.5). The mentioned levels are hierarchical in the sense that analysis on a higher level
require all those on the levels below. In the following sections the theoretical and practical
aspects of the stress analysis are treated whereas the primary attention is drawn to the
application within a Finite Element Analysis (see Sec. 3.2) – the commercial FE package
ABAQUS [8] in particular (see Sec. 3.3). Furthermore the quality of the presented FE
representations is determined by the comparison with the analytical solution following
Pagano (see Sec. 3.4) and considerations about geometric nonlinearity (see Sec. 3.6) and
thermally induced residual stresses are presented (see Sec. 3.7).

3.1 Constitutive behaviour of a lamina

3.1.1 Transverse isotropy and orthotropy

Neglecting mechanism on smaller scales the individual lamina is regarded as an homoge-
neous but anisotropic material (see Sec. 2.1). In the undamaged state it behaves equally
in the transverse 2-direction and the through-thickness 3-direction which allows to reduce
the general anisotropy to a transversely isotropic behaviour with only a fibre-parallel ∥
and fibre-perpendicular ⊥ direction (see Fig. 2.1b). The constitutive behaviour, i.e. the
material law which relates states of stress to states of strain is then defined by the compli-
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ance matrix 𝑆 in Voight notation:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜖1

𝜖2

𝜖3

𝛾12

𝛾13

𝛾23

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1/𝐸∥ −𝜈⊥∥/𝐸⊥ −𝜈⊥∥/𝐸⊥ 0 0 0

−𝜈∥⊥/𝐸∥ 1/𝐸⊥ −𝜈⊥⊥/𝐸⊥ 0 0 0

−𝜈∥⊥/𝐸∥ −𝜈⊥⊥/𝐸⊥ 1/𝐸⊥ 0 0 0

0 0 0 1/𝐺∥⊥ 0 0

0 0 0 0 1/𝐺∥⊥ 0

0 0 0 0 0 1/𝐺⊥⊥

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⋅

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜎1

𝜎2

𝜎3

𝜏12

𝜏13

𝜏23

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(3.1)

A 3D state of stress 𝜎 consists of three normal stresses 𝜎𝑖 and three shear stresses 𝜏𝑖𝑗 ,
accordingly a 3D state of strain 𝜖 of three normal strains 𝜖𝑖 and three shear strains 𝛾𝑖𝑗 . The
material is characterised by common engineering constants namely Young’s moduli 𝐸𝑖
and shear moduli𝐺𝑖𝑗

1 and the quantities 𝜈𝑖𝑗 . The latter have the physical interpretation of
Poisson’s ratios that characterise the transverse strain in the 𝑗-direction, when the material
is stressed in the 𝑖-direction. In general, 𝜈𝑖𝑗 is not equal to 𝜈𝑗𝑖 – they are related by
𝜈𝑖𝑗/𝐸𝑖 = 𝜈𝑗𝑖/𝐸𝑗 .

For the pure failure analysis of a UD fibre reinforced composite (see Ch. 4), the trans-
versely isotropic material description is generally adequate but within the post-failure
degradation process the lamina starts to behave truly orthotropic if not completely
anisotropic (see Ch. 5). Whereas the latter behaviour is currently academic (see Sec. 5.6)
the orthotropic material model (see Eq. 3.2) is set to the standard for the implementation
developed within this work (see Ch. 6) and for 3D stress analyses of laminae in general.

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜖1

𝜖2

𝜖3

𝛾12

𝛾13

𝛾23

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1/𝐸1 −𝜈21/𝐸2 −𝜈31/𝐸3 0 0 0

−𝜈12/𝐸1 1/𝐸2 −𝜈32/𝐸2 0 0 0

−𝜈13/𝐸1 −𝜈23/𝐸3 1/𝐸⊥ 0 0 0

0 0 0 1/𝐺12 0 0

0 0 0 0 1/𝐺13 0

0 0 0 0 0 1/𝐺23

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⋅

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜎1

𝜎2

𝜎3

𝜏12

𝜏13

𝜏23

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(3.2)

Being a displacement-based approach a FE analysis requires a material description in the
form of 𝜎 (𝜖) = 𝐸 ⋅ 𝜖 (see Ch. 6) whereas the stiffness matrix 𝐸 is the inverse of the

1Within the present work Young’s moduli and shear moduli are addressed together by the term stiff-
nesses.
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compliance matrix 𝑆 (see Eq. 3.3).⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜎1

𝜎2

𝜎3

𝜏12

𝜏13

𝜏23

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝐷1111 𝐷1122 𝐷1133 0 0 0

𝐷2222 𝐷2233 0 0 0

𝐷3333 0 0 0

𝐷1212 0 0

sym. 𝐷1313 0

𝐷2323

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⋅

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜖1

𝜖2

𝜖3

𝛾12

𝛾13

𝛾23

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(3.3)

The components of 𝐸 are

𝐷1111 =𝐸1 (1− 𝜈23𝜈32)Υ

𝐷2222 =𝐸2 (1− 𝜈13𝜈31)Υ

𝐷3333 =𝐸3 (1− 𝜈12𝜈21)Υ

𝐷1122 =𝐸1 (𝜈21 + 𝜈31𝜈23)Υ = 𝐸2 (𝜈12 + 𝜈32𝜈13)Υ

𝐷1133 =𝐸1 (𝜈31 + 𝜈21𝜈32)Υ = 𝐸3 (𝜈13 + 𝜈12𝜈23)Υ

𝐷2233 =𝐸2 (𝜈32 + 𝜈12𝜈31)Υ = 𝐸3 (𝜈23 + 𝜈21𝜈13)Υ

𝐷1212 =𝐺12

𝐷1313 =𝐺13

𝐷2323 =𝐺23

(3.4)

where
Υ =

1

1− 𝜈12𝜈21 − 𝜈23𝜈32 − 𝜈13𝜈31 − 2𝜈21𝜈32𝜈13
. (3.5)

The stability restrictions on the engineering constants are

𝐸1, 𝐸2, 𝐸3, 𝐺12, 𝐺13, 𝐺23 > 0

∣𝜈12∣ < (𝐸1/𝐸2)
1/2 or ∣𝜈21∣ < (𝐸2/𝐸1)

1/2

∣𝜈13∣ < (𝐸1/𝐸3)
1/2 or ∣𝜈31∣ < (𝐸3/𝐸1)

1/2

∣𝜈23∣ < (𝐸2/𝐸3)
1/2 or ∣𝜈32∣ < (𝐸3/𝐸2)

1/2

1− 𝜈12𝜈21 − 𝜈23𝜈32 − 𝜈13𝜈31 − 2𝜈21𝜈32𝜈13 > 0 .

(3.6)

3.1.2 Nonlinearities in the constitutive behaviour

In contrast to the nonlinear elastic-plastic behaviour of metals a suitable nonlinear or-
thotropic material model for glass- or carbon-fibre polymer-matrix composites is not com-
monly included in contemporary FEA packages. It is however straightforward to include
at least those nonlinear stress-strain relations which are determined by uniaxial material
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test 2. Those experiments result in correlations between stresses and strains, either point-
wise or condensed in an analytical relation (see Fig. 3.1). Based on the respective curves
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Figure 3.1: Exemplary nonlinear stress-strain relation and the resulting strain-dependent
secant modulus 𝐸, the tangent modulus 𝐸𝑡 is plotted for differentiation purposes only.

any of the stiffnesses in the orthotripic material model (see Eq. 3.3) may be expressed
depending on the respective uniaxial strain like exemplary in figure 3.1, i the secant mod-
ulus

𝐸 (𝜖) =
𝜎 (𝜖)

𝜖
(3.7)

as long as the stability restrictions (see Eq. 3.6) are met. This allows different stiffnesses
for tension or compression as well. In the case of UD FRCs the secant modulus is not only
a mathematical term but has the physical meaning of the actual path in the stress-strain di-
agram on which an intermittent unloading and reloading takes place (see Fig. 3.1, ii). The
nonlinearities in the UD FRC’s behaviour are attributed to micro-defects (see Sec. 2.3)
which are irreversible themselves but in contrast to metal yielding (iii) the micro-damage
induced nonlinear strain contribution is reversible. Neglecting strain contributions due to
creep [10], the material’s strain is expected to return to zero when unloaded. The pre-
sented rudimentary approach to include nonlinear behaviour in an orthotropic material
model is neglecting known interactions of stresses in producing strains [44]) but qualifies
for future developments (see Sec. 3.1.3).

Treating the WWFE-II test cases (see Ch. 7) there is included the nonlinear constitu-
tive behaviour for inplane shear, transverse shear in 1-3-direction and for transverse and
through-thickness compression. These stress-strain relations were given for the UD FRC

2Within the present work the term uniaxial defines cases where the applied load consists of a single
stress or strain component no matter whether this is a normal or a shear component.
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material (see App. B). Where the nonlinear constitutive behaviours of the fibres and the
matrix were given separately, the application of mixture rules was judged to be less reli-
able than using the linear relations.

3.1.3 Interaction between transverse and shear deformation

The nonlinear behaviour is commonly entered by the given pointwise correlation between
stresses and strains. Generated from uniaxial experiments, these curves end at the frac-
ture due to uniaxial load (see Fig. 3.1, iv). Loaded multiaxially the material possibly bears
much higher stresses which widely exceed the given stress-strain relations. The easiest
way to ensure that the user material subroutine (UMAT) can still correlate a valid stress
to a given strain increment (see Ch. 6) is the extrapolation of the given curve by its last
gradient, i.e. by its last tangent modulus. This approach is implemented in all the applied
material models and represents a basic solution of the problem. As it is completely un-
physical and clearly overestimates the resulting strains, the following considerations are
necessary.

Based on 2D experiments Puck addressed the interaction between transverse 𝜖2 and shear
deformation 𝛾12 [4, 45]. The quantification of this finding resulted in two analytical rela-
tions for 𝛾12 (𝜏12, 𝜎2) and 𝜖2 (𝜎2, 𝜏12) expressed by semi-empirical functions for the secant
Young’s modulus 𝐸⊥ (𝜎2, 𝜏12) and shear modulus 𝐺⊥∥ (𝜎2, 𝜏12):

𝐸⊥ = 𝐸 𝑙𝑖𝑛
⊥ − 𝐹⊥ ⋅

(
𝐸 𝑙𝑖𝑛

⊥ − 𝐸

(
𝑓
(𝜎2)
𝐸 =1

)
⊥

)

where 𝐹⊥ =

⎛⎝𝑓 (𝜎2)
𝐸 + 𝐶(𝜏12) ⋅

(
𝑓𝐸 − 𝑓

(𝜎2)
𝐸

)
− 𝑓

(𝜎2)
𝐸 𝑡ℎ𝑟

1− 𝑓
(𝜎2)
𝐸 𝑡ℎ𝑟

⎞⎠𝑛(𝜎2) (3.8)

𝐺⊥∥ = 𝐺 𝑙𝑖𝑛
⊥∥ − 𝐹⊥∥ ⋅

(
𝐺 𝑙𝑖𝑛

⊥∥ −𝐺

(
𝑓
(𝜏12)
𝐸 =1

)
⊥∥

)

where 𝐹⊥∥ =

⎛⎝𝑓 (𝜏12)
𝐸 + 𝐶(𝜎2) ⋅

(
𝑓𝐸 − 𝑓

(𝜏12)
𝐸

)
− 𝑓

(𝜏12)
𝐸 𝑡ℎ𝑟

1− 𝑓
(𝜏12)
𝐸 𝑡ℎ𝑟

⎞⎠𝑛(𝜏12) (3.9)

In the equations above, the superscript quantities in brackets denominate the stress state at
which the associated measures have to be taken rather than powers. Hence 𝐸 𝑙𝑖𝑛

⊥ and 𝐺 𝑙𝑖𝑛
⊥∥

denote the secant stiffnesses of the linear part of the respective experimentally determined

uniaxial stress-strain relations whereas 𝐸

(
𝑓
(𝜎2)
𝐸 =1

)
⊥ and 𝐺

(
𝑓
(𝜏12)
𝐸 =1

)
⊥∥ denote the final secant

moduli at the fracture due to uniaxial 𝜎2 or uniaxial 𝜏12, respectively. 𝑓𝐸 denotes the
common IFF stress exposure due to the applied (𝜎2, 𝜏12)-load whereas 𝑓 (𝜎2)

𝐸 and 𝑓 (𝜏12)
𝐸
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denote the IFF stress exposure due to the isolated 𝜎2-component or due to the isolated
𝜏12-component, respectively. The rest of the parameters in equations 3.8 and 3.9 have
been experimentally derived [23, 26]:

CFRC GFRC
(𝜎2) (𝜏12) (𝜎2) (𝜏12)

𝑓𝐸 𝑡ℎ𝑟 0.3 0.3 0.3 0.3
𝑛 2.5 1.7 3.0 2.0
𝐶 0.6 0.6 0.6 0.6

Table 3.1: Parameters for the inplane transverse and shear deformation interaction [4].

These resulting stress-strain-curves perfectly reproduce the experimental results for the
stress ratios under consideration 𝜎2/∣𝜏21∣ = [−2; 1] and are valid up to fracture due to
combined load. The physical background of this approach is the idea that nonlinearities
in fibre/polymer composites result from cumulative micromechanical damage [23]. If a
combined load leads to higher bearable stresses in terms of macroscopic fracture, it is
reasonable to expect the influence of micro-damage also being shifted to higher stress
levels. Mainly based on the ratios between the stress exposure due to uniaxial load 𝑓 (𝜏21)

𝐸

or 𝑓 (𝜎2)
𝐸 , respectively and the stress exposure due to the combined load 𝑓𝐸 , the approach

is generally transferable into 3D space.

According to Puck’s failure theory the presented approach is stress based and therefore not
directly applicable for FEA (see Ch. 6). Additionally under 3D loading the IFF stresses
can exceed the uniaxial fracture stresses by factors far beyond the verified interval of the
presented approach. Hence it is not implemented in the FEA routine but its analytical
curves act as a reference for the applied self-similar scaling of the given stress-strain
curves. In the present case, the self-similarity is achieved by scaling every point on the
curve along its secant modulus by a common factor (see Fig. 3.2). In the case of a lamina,
the bearable applied load is mostly independent from its deformation and it is sufficient
to scale the given stress-strain relation up to the failure stress after the analysis (see test
case 4, Sec. 7.2.2). In the case of a laminate failure analysis, the bearable applied load
is depending on the constitutive behaviour of the different laminae. Therefore the failure
analysis should be based on stress-strain relations which are scaled to the strain at IFF –
which is a result of that very analysis. This circular reference emphasises the need for an
iterative adjustment of the respective stress-strain relation. Figure 3.2 exemplarily shows
the 𝜎3 (𝜖3)-relation which the failure analysis of test case 12 is based on (see Sec. 7.2.3).
It is scaled up to 𝜖3 = −0.065 which is about the strain at the predicted IFF. Future
versions of the user material subroutine (see Ch. 6) should be able to calculate stresses
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Figure 3.2: Scaled self-similar constitutive behaviour in through-thickness direction for
test case 12 (residual stresses neglected).

from stress-strain relations, which have been scaled according to information available
from the preceding load increment.

3.2 FE representation of laminates and laminate structures

Laminates and laminate structures commonly have geometries with small thicknesses
compared to their lateral expansion. Accordingly there is the legitimate desire to represent
the three-dimensional continuum by a condensed two-dimensional structural model [46].
The governing equations and the associated boundary conditions of the reduced model
are than derived upon an elimination of the thickness coordinate by integrating along
the thickness the partial differential equations of the three-dimensional continuum [47].
A large number of theories and associated finite element definitions have been created
over the years to achieve the compliance with the basic requirements for the stress, strain
and displacement fields over a laminate’s through-thickness direction (see Secs. 3.2.1 and
3.2.2).

The considerations about the slope and the boundary conditions of stress and strain fields
throughout the laminate’s thickness is based on the perception of a laminate as a stack of
different homogeneous and anisotropic layers which are perfectly bonded together. Since
the mechanical properties of the interfaces are neglected, the interlaminar boundaries are
surfaces of abrupt discontinuities in the material properties. The perfect bond condition
requires a continuous displacement field 𝑢 over the bi-material interface and a continuous
through-thickness stress and shear stress field 𝜎𝑧, 𝜏𝑥𝑧 and 𝜏𝑦𝑧 is required for equilibrium
reasons. This results in a discontinuity in the through-thickness strain and shear strain
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fields 𝜖𝑧, 𝛾𝑥𝑧 and 𝛾𝑦𝑧 due to the difference in elastic properties of the adjoining layers. As
a consequence the through-thickness displacement 𝑢𝑧 has a slope discontinuity across the
interface.

The continuous displacement field over the interface results in continuous inplane strains
and shear strains 𝜖𝑥, 𝜖𝑥 and 𝛾𝑥𝑦 which results in discontinuous inplane stresses and shear
stresses 𝜎𝑥, 𝜎𝑦 and 𝜏𝑥𝑦 due to the difference in elastic properties of the adjoining layers.
Hence through-thickness shear stresses 𝜏𝑥𝑧 and 𝜏𝑦𝑧 generally have a slope discontinu-
ity in their through-thickness distribution due to equilibrium reasons. On the contrary
the continuity of the interlaminar through-thickness shear stresses 𝜏𝑥𝑧 and 𝜏𝑦𝑧 force the
through-thickness stress 𝜎𝑧 to have a continuous derivative along the through-thickness
coordinate [48].

behaviour over
slope

slope
bi-material interface continuity

displacements
𝑢𝑥, 𝑢𝑦 cont. kink
𝑢𝑧 cont. kink

strains

𝜖𝑥, 𝜖𝑦 cont.
𝜖𝑧 jump
𝛾𝑥𝑦 cont.

𝛾𝑥𝑧, 𝛾𝑦𝑧 jump

stresses

𝜎𝑥, 𝜎𝑦 jump
𝜎𝑧 cont. cont.
𝜏𝑥𝑦 jump

𝜏𝑥𝑧, 𝜏𝑦𝑧 cont. kink

Table 3.2: Allowed discontinuities over the interlaminar boundaries of a stacked layer
composition.

Table 3.2 summarises the considerations above whereas figure 3.3 provides a visuali-
sation of the typical situation through a laminate’s thickness direction. The values of
the through-thickness stress and shear stress at the top or bottom face of the laminate
𝜎
𝑡𝑜𝑝/𝑏𝑜𝑡𝑡𝑜𝑚
𝑧 , 𝜏 𝑡𝑜𝑝/𝑏𝑜𝑡𝑡𝑜𝑚𝑥𝑧 and 𝜏 𝑡𝑜𝑝/𝑏𝑜𝑡𝑡𝑜𝑚𝑦𝑧 equal the applied load.

Following Carrera [49] the requirements above are to be regarded as the basis for the
below evaluation of the theories and the associated finite element definitions – no mat-
ter whether they appear rather academical or are already user-friendly implemented in
commercial FEA codes (see Sec. 3.3.2).
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Figure 3.3: Typical behaviours of the displacements (a), strains (b) and stresses (c)
throughout a laminate’s thickness direction.

3.2.1 Equivalent single layer approaches

The family of Equivalent single layer (ESL) models comprises those models which are to
be regarded as direct extensions of approaches established for homogeneous structures to
multilayered structures. Without taking explicitly into account the characteristics induced
by bi-material interfaces these models commonly introduce through-thickness assump-
tions for the displacement field. The resulting differential equations are solved by the
Principle of Virtual Displacement (PVD) [50] in which the equilibrium equations are ful-
filled in a weak sense only – the stress boundary conditions not at all.

The Classical Laminate Theory (CLT) is a first-order approximation that relies on the
Kirchhoff-Love hypotheses at which linear bending strains are assumed and all transverse
deformation effects are neglected ([51]). Main characteristics of the CLT are that the
straight cross-section of a laminate under bending deformation remains perpendicular to
the mean surface and no transverse shear stresses appear.

The First-Order Shear Deformation Theory (FSDT) retains the restriction of a vanishing
transverse normal deformation and of a plane cross-section but takes into account the
transverse shear deformability typical of FRC materials. Based on a kinematic model
originally proposed by Reissner [52] and Mindlin [53] a constant shear deformation is
included resulting in additional degrees of freedom referring to the rotations of the cross-
section with respect to the normal of the mean surface. The induced through-thickness
shear stresses are then interlaminar discontinuous and layer-wise constant.

Higher-Order Shear Deformation Theory (HSDT) release the restrictions of a plane cross-
section by the incorporation of additional degrees of freedom for the representation of
the through-thickness distribution of the inplane displacement field 𝑢𝑥 (𝑧) and 𝑢𝑦 (𝑧). A
parabolic through-thickness distribution of the through-thickness shear strains is included
which allows the warping of the cross-section [54]. This induces a layer-wise parabolic
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𝑧-distribution3 of the through-thickness shear stresses whereas the required shear stress
conditions at the top and bottom surface of the laminate can be satisfied by an appropriate
choice of the thickness polynomials. In particular third-order shear deformation theories
have attained a wide acceptance [55].

Theories including transverse normal deformation overcome the simplification of the the-
ories presented above concerning 𝜖𝑧 = 0. This kind of theories are usually based on HSDT
but take into account the full 3D constitutive law [56, 57]. Most kinematic models assume
a quadratic through-thickness distribution of the displacement 𝑢𝑧 (𝑧) which results in lin-
ear through-thickness strain 𝜖𝑧 whereas the expansion of the inplane displacements has
been based on polynomials of different order.

The approaches presented above either neglect through-thickness strain fields 𝜖𝑧 or force
them to be continuous in the z-direction and are thus not capable of exactly fulfilling the
through-thickness equilibrium at the bi-material interface. Rigorously judged, the appli-
cation of ESL models is restricted to the analysis of the global response of the laminate
[58, 59], but the through-thickness stress and shear predictions of acceptable accuracy can
be obtained by post-processing operations [60–62].

3.2.2 Layer-wise approach

Assuming a separate displacement field for each layer – i.e. layer-wise (LW) – is a
straightforward approach to explicitly account for the heterogeneos cross-section of a
laminate. On the laminate level, the expressions of the layer-wise assumptions are as-
sembled without enforcing a continuous through-thickness strain field. This leaves the
possibility for the through-thickness normal and shear stresses to be continuous at the bi-
material interfaces. However not all the requirements of table 3.2 are automatically met
by solely displacement-based layer-wise formulations. For example a layer-wise linear
z-distribution of inplane displacements 𝑢𝑥 or 𝑢𝑦 results in layer-wise constant through-
thickness shear stresses which violates the interlaminar equilibrium condition. The fulfil-
ment of the interlaminar equilibrium condition by solely displacement-based LW formu-
lations generally requires higher-order polynomial approximations [60].

The requirements summarised in table 3.2 refer to displacement, strain and stress mea-
sures. Accordingly those approaches which exactly fulfil all these conditions are based
on displacement and/or stress fields. Lekhnitskii defined a layer-wise stress-based func-
tion derived the exact solution of the equilibrium equations associated with the two-
dimensional problem of a bent cantilever beam. His approach neglects the through-

3i.e. the distribution of a measure along the z-direction.
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thickness normal stress [63]. Although the stress-based approach of Ambartsumyan [64]
neglects through-thickness stress and strain, his formulations have turned out to be adapt-
able to many laminate geometries and advanced kinematics [62]. The formulations of
the Reissner’s Mixed Variational Theorem (RMVT) are based on stress and strain mea-
sures, thus allow to fulfil the requirements of table 3.2 a priori [65, 66]. His formulations
are regarded to be the most promising [46] but due to their mixed nature they have not
yet been implemented in application-ready commercial FEA packages which currently
support displacement-based element formulations exclusively. The analytical solution
following Pagano (see Sec. 3.4 and [67]) is also derived from layer-wise equilibrium
equations and completely fulfils the requirements of table 3.2. It is based on the com-
plete 3D orthotropic material law and neglects neither of the stress or strain components
of the full 3D space. However its validity is restricted to thin laminate plates because its
kinematics neglect the through-thickness shear arising from a bending deformation.

3.3 Laminate and laminate structures in commercial FE codes

The representations of laminate materials and laminate structures available in commer-
cial FE packages like ABAQUS [8] are based on the theories presented above but are
not generally attributable to one specific theory. Most available approaches are combi-
nations of several aspects mentioned above accepting compromises between accuracy,
versatility, applicability and computational cost. The following overview on commonly
available approaches enables the user to choose the appropriate material representation
(see Sec. 3.3.1) and element type (see Sec. 3.3.2) for his particular problem based on a
comparison of their capabilities (see Sec. 3.4). Most presented approaches are available
for both implicit and explicit FE analysis. For a differentiation between the both and for
an appropriate choice between them please refer to section 6.1.

3.3.1 Material definitions for laminates

Although it has been stated, that the availability of advanced multi-layered plate theo-
ries is limited in commercial FE codes, the described fundamental difference between
equivalent single layer (ESL) and layer-wise (LW) approach (see Secs. 3.2.1 and 3.2.2)
is also reflected in the way in which the laminate behaviour is provided to a commer-
cial FEA. Whereas the ESL approach condenses the inhomogeneity of the material in
through-thickness direction in just one material description, the LW approach preserves
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the different phases of the material thus requires a geometrical through-thickness discreti-
sation.

Equivalent single layer method
Using this approach the laminate stacking sequence is interpreted as part of the material
description and consequently entered in the material definition part of the FEA. The com-
mercial code ABAQUS [8] offers convenient graphical user interfaces to create and moni-
tor the stacking sequence information consisting of the material definition (commonly or-
thotropic, see Sec. 3.1.1), the thickness and the orientation angle 𝛽 (see Fig. 2.1c) of each
individual lamina. The necessary through-thickness integration is controlled by the num-
ber of z-integration point at which the requested results (commonly stresses and strains)
are output, too. Assigned to the suitable shell or continuum shell elements (see Sec. 3.3.2)
the created laminate section represents the whole stacking sequence in just that element.
This means that the single-layer equivalent approach requires exactly one element for the
discretisation of the contained laminate stacking sequence in z-direction. If the resolution
in z-direction shall be refined it is possible to increase the number of z-integration points.
Alternatively the stacking sequence is in parts condensed in several ESL sections which
have to be assigned to the adequate number of elements stacked in thickness direction.

Layer-wise method
The layer-wise method to provide the laminate behaviour is a combination of the separate
orthotropic material definitions of each lamina and the geometric representation of the
laminate stacking sequence. Hence the effort to describe the laminate behaviour has been
transferred from the material definition to the geometrical representation of the laminate.
Accordingly the number of elements in thickness direction depends on the number of
laminae incorporated in the respective laminate whereas a minimum discretisation by one
element per layer is required. The resolution in z-direction is defined by the number
of elements per layer stacked in through-thickness direction. Generally the LW method
results in a greater number of elements associated with a greater computational effort, but
the suitable continuum shell and continuum elements provide more accurate results (see
Sec. 3.3.2).

3.3.2 Element types for laminate structures

FEA provides a wide variety of elements not only for 3D stress analysis in laminates and
laminate structures but also for the analysis of thermal residual stresses (see Sec. 3.7)
and delamination (see Sec. 2.2.4). In the following the capabilities and applicability of
typical commercial element types for the laminate representation are summarised using
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Figure 3.4: FE modelling strategies for laminate structures.

the example of ABAQUS [8]. All the mentioned elements are also provided including a
thermo-mechanical coupling for an analysis including residual stresses. The first step in
choosing an appropriate element type is the decision how the local thicknesses of the lam-
inate structure shall be represented in the FE model. For the representation of geometries
with small thicknesses compared to their lateral extension it may be reasonable to reduce
the geometry to its mean surface, thus to a flat, locally 2D geometry without a geometrical
extension in through-thickness direction. In this case the local thickness of the structure
is interpreted as a material parameter. Alternatively the local thickness of the structure
may be retained in the discretised geometry which results in a fully three-dimensional
FE representation of the structure (see Fig. 3.4). This decision regarding the geometric
representation of the structure influences the choice of element types described below and
thus the suitable material definition method (see Sec. 3.3.1).

Shell elements

The most conventional group of element types associated with the representation of ge-
ometries with small thicknesses compared to their lateral extension are shell elements.
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These elements are used to discretise geometries without any expansion in thickness di-
rection – i.e. locally two-dimensional. The thickness information of the represented struc-
ture goes into the material definition. Shell elements are provided for thin structures based
on the Kirchhoff kinematics as well as for thick structures based on Reissner kinematics
including through-thickness shear contributions due to bending deformation [68]. Ap-
plied in a 3D modelling space, thin shell elements feature three translatory degrees of
freedom 𝑢 = [𝑢𝑥, 𝑢𝑦, 𝑢𝑧] but only two rotatoric 𝑟𝑦 and 𝑟𝑦 from which the inplane strain
components 𝜖𝑥, 𝜖𝑦 and 𝛾𝑥𝑦 are evaluated. Thick shell elements feature the full set of trans-
latory 𝑢 and rotatoric 𝑟 degrees of freedom from which through-thickness the shear strains
𝛾𝑥𝑧 and 𝛾𝑦𝑧 are derived additionally. In both cases, only the inplane stress components 𝜎𝑥,
𝜎𝑦 and 𝜏𝑥𝑦 are comprised in the governing differential equations, accordingly only these
measures are a result of the solution derived by the Principle of Virtual Displacement
(PVD). Furthermore ABAQUS provides through-thickness shear stress results 𝜏𝑥𝑧 and 𝜏𝑦𝑧
which are postprocessed by means of the equilibrium equations

∂𝜎𝑥
∂𝑥

+
∂𝜏𝑦𝑥
∂𝑦

+
∂𝜏𝑧𝑥
∂𝑧

= 0

∂𝜏𝑥𝑦
∂𝑥

+
∂𝜎𝑦
∂𝑦

+
∂𝜏𝑧𝑦
∂𝑧

= 0

∂𝜏𝑥𝑧
∂𝑥

+
∂𝜏𝑦𝑧
∂𝑦

+
∂𝜎𝑧
∂𝑧

= 0 .

(3.10)

Neither stress 𝜎𝑧 nor strain components 𝜖𝑧 in through-thickness direction are output. Us-
ing a shell element any applied boundary condition is related to the mean surface in gen-
eral. Only if advanced FEA packages offer the possibility to apply boundary conditions
to the outmost integration points in z-direction the required continuous displacement field
over the bi-material interfaces (see Tab. 3.2) can be enforced in a stacked shell discreti-
sation. If this is not the case, the z-stacking of shell elements for the representation of
laminates and laminate structures is not recommended. This interdicts a layer-wise mate-
rial representation as well.

Continuum shell elements

Continuum shell element are generally based on the kinematics and equations of work
defined for conventional shell elements. However they are used to discretise fully 3D
geometries. They automatically derive the shell thickness information from geometry
if the shell normal has been correctly defined by the user. The necessary shell-analog
strain measures are related to the exclusively available translatory degrees of freedom
at the eight corner nodes. Continuum shell elements generally provide the same output
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information as conventional shell elements – no stress 𝜎𝑧 and no strain components 𝜖𝑧
either – but they have an unlimited z-stacking capability. Accordingly they are available
for either equivalent single layer or layer-wise laminate descriptions. The laminates z-
direction may be discretised by a single continuum shell element comprising an equivalent
single layer laminate description or by one or more continuum shell elements per layer
together with the orthotropic material descriptions of the respective laminae.

Solid continuum elements

Solid continuum elements are not commonly recommended for the discretisation of ge-
ometries with small thicknesses compared to their lateral extension because the accuracy
of these groups of elements relies on balanced spatial proportions. In the case of lami-
nate structures this requirement eventually results in a lateral discretisation density which
equals at least the lamina thickness. If possible at all this is extremely computationally
expensive. The representation of a laminate by solid continuum elements is however free
of axiomatic assumptions regarding the displacement, stress or strain field hence the re-
sults are expected to converge against the requirements of table 3.2 for a growing number
of elements stacked in z-direction. A further unique feature is the availability of stress 𝜎𝑧
and strain components 𝜖𝑧 in through-thickness direction. Aiming on a truly 3D failure and
post-failure analysis (see Chs. 4 and 5) this output is extremely valueable and suggests the
use of solid continuum elements at least for the detailed analysis of generalised laminate
behaviour (see Sec. 3.5).

3.4 Reference: Analytical solution following Pagano

The numerous combinations of laminate material definitions and laminate structure rep-
resentations presented above perform significantly different in terms of output quantities
and their quality. In the following a number of modelling strategies are compared to an
analytical solution for laminates by Pagano [67]. It is derived from layer-wise equilibrium
equations (see App. A) and completely fulfils the requirements of table 3.2. It is based
on the complete 3D orthotropic material law and neglects neither of the stress or strain
components of the full 3D space. However it does not include the Reissner kinematics
[68] regarding through-thickness shear components arising from a bending deformation.
Hence the Pagano analytical solution is restricted to thin laminate plates. It is valid for
rectangular, simply supported laminate plates under an sinusoidal load applied to the top
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surface 𝑧 = 𝑡/2 (see Fig. 3.5):

𝑞0 (𝑥, 𝑦) = 1 ⋅ sin
(
𝜋 ⋅ 𝑥

𝑎

)
⋅ sin

(
𝜋 ⋅ 𝑦

𝑏

) [
𝑁/𝑚𝑚2

]
(3.11)

The laminate plate is supported along all of its edges whereas the whole cross-sections
along these edges are vertically fixed:

𝑢𝑧 (𝑥 = 0) = 𝑢𝑧 (𝑥 = 𝑎) = 𝑢𝑧 (𝑦 = 0) = 𝑢𝑧 (𝑦 = 𝑏) = 0 for all 𝑧-positions (3.12)

Additionally no longitudinal displacement along the edges is allowed:

𝑢𝑦 (𝑥 = 0) = 𝑢𝑦 (𝑥 = 𝑎) = 𝑢𝑥 (𝑦 = 0) = 𝑢𝑥 (𝑦 = 𝑏) = 0 for all 𝑧-positions (3.13)

This results in undisplaceable corners of the laminate plate through its entire thickness.
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Figure 3.5: Pagano analytical solution: Geometry, stacking sequence, load and displace-
ment boundary conditions of the reference laminate plate.

The FEA results of the reference laminate plate have been derived by ABAQUS Version
6.8. For the material description following the equivalent single-layer approach the mate-
rial section4 has been generated by the composite layup manager whereas the
respective lamina materials are of the ortho-type. The section integration has been car-
ried out during analysis by the Simpson thickness integration rule based on five
through-thickness integration points per lamina. Such a material section definition may be
used in combination with shell, continuum shell and solid continuum elements. The layer-
wise material description assigns the respective lamina material behaviour of the ortho-
type to a solid, homogeneous material sections if solid continuum elements are to
be used. In the case of continuum shell elements the shell, homogeneous section

4This font denotes ABAQUS-specific terminology for the sake of reproducibility.
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type has been chosen whereas the section integration has been carried out in the same way
as described above.

Strictly geometrically linear analyses (nlgeom=OFF) have been run where the load
quantity is constantly defined on the undeformed area and the load direction does not
follow rotation (see Sec. 3.6). The lamina properties are those of HexPly 8551-7
(IM7) (see App. C). Numerous combinations of material descriptions, element types and
through-thickness discretisations have been run (see Tab. 3.3) whereas a constant lateral
discretisation of 20 by 30 elements has been retained for the sake of consistency. While
this is a reasonable mesh density for the shell representation of the laminate, the resulting
volume elements are extremely thin compared to their lateral extensions. Being far away
from the desired cube shape [8], the present continuum elements’ shape corrupts their
accuracy in the case of a linear ansatz – see the corresponding displacement results in
table 3.3.

material
ESL LW

description
𝑧-

1 per laminate 1 per lamina 4 per lamina
discretisation

element
shell

continuum solid continuum solid continuum solid
family shell continuum shell continuum shell continuum

type S4R SC8R C3D8R SC8R C3D8R SC8R C3D8R
22.37 22.25 73.83 22.19 22.61 22.19 3.54

vertical 1 1.14 2.07 1.78 1.34 8.65 7.35
displacement S4 C3D8 C3D8 C3D8

[𝑚𝑚] 22.34 30.93 18.35 15.46
1.60 2.76 1.87 9.23

relative S8R* C3D20R* C3D20R* C3D20R*
CPU time 22.41 22.10 22.24 22.24

2.01 4.94 7.32 86.37
C3D20* C3D20* C3D20*

22.19 22.23 22.24
9.28 9.90 98.02

Table 3.3: Pagano reference FEAs: Combinations of material descriptions, element types
and through-thickness discretisations, R denotes reduced integration, * a quadratic ansatz.
Below the consumed CPU time related to the S4R element and the vertical displacement
𝑢𝑧 (𝑎/2; 𝑏/2;−𝑡/2) [𝑚𝑚] – the analytical value following Pagano is 22.27𝑚𝑚.

The following stress results (see Fig. 3.6) provide the through-thickness distribution of

∘ a: 𝜎𝑥 (𝑥 = 𝑎/2; 𝑦 = 𝑏/2), position 𝑖 in figure 3.5,
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∘ b: 𝜎𝑦 (𝑥 = 𝑎/2; 𝑦 = 𝑏/2), position 𝑖 in figure 3.5,

∘ c: 𝜎𝑧 (𝑥 = 𝑎/2; 𝑦 = 𝑏/2), position 𝑖 in figure 3.5,

∘ d: 𝜏𝑥𝑦 (𝑥 = 𝑎; 𝑦 = 𝑏), position 𝑖𝑖 in figure 3.5,

∘ e: 𝜏𝑥𝑧 (𝑥 = 𝑎; 𝑦 = 𝑏/2), position 𝑖𝑖𝑖 in figure 3.5, and

∘ f: 𝜏𝑦𝑧 (𝑥 = 𝑎/2; 𝑦 = 𝑏), position 𝑖𝑣 in figure 3.5

for selected discretisations and element types and compares them to the analytical solu-
tion. Looking at these analytical solutions provides a deeper understanding of the through-
thickness distributions:

∘ The inplane stresses 𝜎𝑥 and 𝜎𝑦 (see Figs. 3.6a and b) exhibit the expected jumps
over the bi-material interfaces due to the required continuous strain fields. The
stresses in those laminae are higher, which possess the higher stiffness against the
corresponding strain component, i.e. have their fibres oriented in the direction of
that strain component.

∘ The through-thickness stress 𝜎𝑧 (see Fig. 3.6c) takes the value of the externally
applied stress on the top surface (𝑧 = 1) and equals 0 on the bottom face (𝑧 = −1)
according to the free surface condition.

∘ The inplane shear stress 𝜏𝑥𝑦 is a straight line through the plate’s whole thickness
known from isotropic material (see Fig. 3.6d). As all layers are made of the same
lamina material, they possess an identical stiffness against inplane shear no matter
what their orientations are.

∘ Despite their different appearance, the distributions of the two through-thickness
shear stresses 𝜏𝑥𝑧 and 𝜏𝑦𝑧 (see Figs. 3.6e and f) differ in quantity only. The generally
show the same continuous slope and fulfil the free surface condition, i.e. no shear
stresses, on the top and bottom of the laminate.

For the comparison between different FEA results figure 3.6 concentrates on four model
representations:

∘ ESL, S4R: An equivalent single layer discretisation (see Sec. 3.2.1) with four-node
linear shell elements with reduced integration. This model representation is com-
putationally extremely cheap and is used for, e.g., complete vehicle simulations.
The provided stress results show excellent agreement with the analytical solutions
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Figure 3.6: Pagano reference FEAs: Through-thickness stress distributions compared
with the analytical solutions following Pagano.

whereas the inplane shear results 𝜏𝑥𝑦 slightly differ in quantity. Even the post-
processed through-thickness shear stress values 𝜏𝑥𝑧 and 𝜏𝑦𝑧 (see Sec. 3.3.2) are close
to the analytical curves but no through-thickness stress 𝜎𝑧 is provided.

∘ LW, one element / lamina, SC8R: A layer-wise discretisation (see Sec. 3.2.2) with
one continuum shell element per lamina in trough-thickness direction. This repre-
sentation compares a three-dimensional geometry with computationally cheap two-
dimensional kinematics. It performs similar to the above shell elements whereas
the more expensive LW representation results in a slightly improved accuracy. Still
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there are no 𝜎𝑧-results provided.

∘ LW, one element / lamina, C3D20R: A layer-wise discretisation with one
quadratic solid continuum element per lamina. This geometrically three-
dimensional representation offers the full 3D stress result including an accurate
𝜎𝑧 slope. It is computationally extremely expensive (see Tab. 3.3) but still has vis-
ible shortcomings where large stress gradients occur within a lamina – here in the
𝜏𝑦𝑧-slope.

∘ LW, four elements / lamina, C3D20R: A layer-wise discretisation with four
quadratic solid continuum elements per lamina. At nearly 100 times the compu-
tationally costs of a plain shell element representation, this model provides excel-
lently accurate fully three-dimensional stress results.

The results generally prove, that a denser and higher-order discretisation produces more
accurate results. However, the comparison above is not able to act as an overall guide-
line. The most favourable compromise between the accuracy and the computational cost
depends on numerous factors – last but not least on the requirements of the subsequently
applied failure criterion. Rigorously judged, the results above are exclusively significant
for the presented laminate, its load and boundary conditions and its lateral discretisa-
tion. Different stacking sequences, geometries or loads may lead to qualitatively and
quantitatively different stress results for which the individual shortcomings of the respec-
tive model representations have to be assessed anew. However, the necessary effort is
well-invested regarding the accuracy of a subsequent stress-based failure prediction. Re-
garding the WWFE-II test cases (see Ch. 7) the assessment had revealed, that a layer-wise
discretisation with one linear solid continuum element per lamina is sufficient.

3.5 Generalised laminate behaviour: FEA of an RVE

Besides the analysis of complete laminate structures there is the legitimate interest in the
laminate’s behaviour in terms of an general material description of the laminate. Such
analyses are exemplary demanded in the test cases of the WWFE-II (see Ch. 7 and [69]).
This generalised laminate behaviour characterises the failure and post-failure degrada-
tion behaviour of a laminate due to loads applied to the lamina stacking sequence as a
whole. Using a layer-wise failure criterion (see Ch. 4) and post-failure degradation rule
(see Ch. 5) the stress analysis on the laminate level is again the crucial part in determining
generalised laminate behaviour. The stress analysis’ output are the stresses and strains in
each involved lamina based on the current – possibly degraded – constitutive behaviour.
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The procedure described below is intended to determine a general material behaviour
which is independent from the laminate’s inplane dimensions. Accordingly in an appro-
priate stress analysis on the laminate level the laminate’s dimension in x- and y-direction
may only play a limited role as auxiliary quantities.

While analytical algorithms like Classical Laminate Theory (CLT) are most efficiently
used for the prediction of inplane behaviour [70–73], 3D load cases clearly exceed their
applicability. Though there are analytical approaches to the 3D-stress analysis of lami-
nates, closed form solutions are only known for few specific cases of rectangular laminates
under sinusoidal transverse load (see Sec. 3.4 and [67]). Alternatively the Representative
Volume Element (RVE) or unit cell approach currently gains more and more importance
in the numerical determination of generalised material behaviour of multiphase materials
[74, 75]. The basic idea behind RVEs is that the elastic energy stored inside a unit cell is
identical to the one stored inside the represented homogenised continuum. The RVE is a
volume that is microstructurally typical of the material system. Therefore, it must contain
an adequate number of the different material phases, inclusions, defects, voids or cracks.
In principle, the inner structure of a unit cell is arbitrary, structured or not, but with the
requirement to replicate periodically in space. The method is capable of modelling the
material behaviour of multi-phase composites, cellular solids or multi-dissipative materi-
als, e.g., as long as homogenisation is permitted [16].

Within the desired representation the determined behaviour of the material should not
depend on the dimension of the analysed material section, accordingly the determined
general material behaviour is called statistically homogeneous [18–20]. The smallest vol-
ume where this condition applies defines the Representative Volume Element (RVE) or
unit cell. By definition an RVE is microscopically large enough to include the relevant
inhomogeneities and macroscopically small enough to be regarded as a single material
point. The behaviour of the unit cell represents the average response of the material to
the applied loading. This average in form of a macroscopic stress-strain state can be cal-
culated in various manners. Efficient analytical solutions are available for simple cases
with respect to geometry, material behaviour and loading conditions [14, 15]. Simple
RVEs can be combined to build up more complex microstructures. This procedure calls
for a combination of analytical and numerical solutions – the generalised method of cells
(GMC). The Structures and Acoustics Division of the NASA implemented this technique
to provide a micromechanical analysis tool [17]. Increasing computational power weak-
ened the need for analytical solutions, and ab-initio numerical solutions for unit cells
became computationally affordable. Since FEA is the standard tool for the structural
analysis, its application to the RVE computation is straightforward. Numerical solution
techniques entail the advantages to include geometric (see Sec. 3.6) and material nonlin-
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earities (see Sec. 3.1.2) as well as complex interface, boundary and loading conditions.
Complex non-continuous structures can be represented in a much more refined way as
well (see Fig. 5.7).

Whereas FEA is a common tool for the stress analysis on the structural level, the determi-
nation of general material behaviour of a laminate or a non-continuous (see Sec. 5.6) or
non-homogeneous structure [76] is a field of application which requires further consider-
ations. The abstract aim is the determination of the general behaviour of a volume (here
the RVE) independent from interfering effects of clamping or load induction. By defini-
tion an RVE has to contain all the material inhomogeneities in a representative manner.
Transferring this requirement to a laminate, the material inhomogeneities consist of the
different laminae and their stacking sequence in z-direction only (see Fig. 3.7) and the
RVEs inplane dimensions are arbitrary. The x-z- and y-z-faces have to fulfil the periodic-
ity requirement whereas the x-y-faces (top and bottom) are except from this because these
RVE faces represent free surfaces of the material.
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Figure 3.7: FE model: RVE representation of the laminate including exemplary x-
displacement constraints for two opposed nodes.

Periodic boundary conditions are not commonly implemented in commercial FEA pack-
ages. The requirement that a deformed or undeformed RVE has to allow its periodically
assembly to an endless row in any coordinate direction results in the requirement of equal
topography of opposed faces. This is achieved by the introduction of one additional ref-
erence point per face [77]. The approach is exemplary shown in figure 3.7 for the two
y-z-faces of the RVE. The two reference points 𝑃𝐴 and 𝑃𝐵 are allowed to move in order
to enable an overall normal or shear deformation of the RVE. However the relative dis-
placement between an arbitrary node on the surface 𝐴 and its reference point 𝑃𝐴 is set
equal to the relative displacement between the respective partner node on the opposite
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surface 𝐵 and its reference point 𝑃𝐵:

𝑢𝐴 − 𝑢𝑃𝐴
= 𝑢𝐵 − 𝑢𝑃𝐵

(3.14)

This procedure ensures that the deformation of face 𝐴 is equal to the one of face 𝐵
whereas the two faces are still allowed the relative motion between each other. The ap-
proach requires an equal FE mesh on opposed faces and may result in a large number of
displacement constraints in the case of complex geometries (see Sec. 5.6). Earlier appli-
cations of the developed approach [78] revealed that the periodicity requirement not only
refers to displacements but to stresses as well. Analysing unsymmetric RVE geometries
or loads the stress periodicity is not achieved by the measures described above. The def-
inition of stress boundary conditions however requires finite elements with mixed stress-
strain-formulations [46] which are currently not available in commercial FEA packages.

Regarding the discretisation of the laminate RVE the FE model needs no discretisation
along the two inplane directions due to the RVE’s arbitrary inplane dimensions. Neglect-
ing bending load cases and unsymmetric laminates, there are only homogeneous states
of stress throughout the lamina’s thickness direction expected. Thus only one element
per lamina is sufficient for the WWFE-II load cases (see Fig. 3.7). Though commercial
FE packages offer various shell elements for the representation of laminates and laminate
structures (see Sec. 3.3.2), their 3D capabilities in terms of stress results are still limited
(see Sec. 3.4). Thus the RVE model applied to the WWFE-II test cases (see Ch. 7) uses
fully integrated linear volume elements.

3.6 Geometric nonlinearity

UD FRC laminae are highly orthotropic materials with considerably different constitutive
behaviour in the respective directions. When subjected to a load the material’s reaction
depends on its orientation towards that load. In the case of UD FRCs very little variances
in the orientation may have significant effects – particularly in the case of fibre-parallel
applied load. Increasingly loaded the material’s orientation might change during the pro-
cess and therewith changes its orientation towards and its reaction due to this applied
load.

A static Finite Element Analysis offers two ways of forming the equilibrium - geomet-
rically linear based on the original geometry or nonlinear based on the actual geometry.
The reasons above highly recommend to run geometrically nonlinear analyses when pre-
dicting UD FRC’s failure and post-failure behaviour, particularly in the case of large
deformations above 5% or in shear load cases. This approach automatically includes the
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influences due to the change of fibre direction during the loading process. Running ge-
ometrically nonlinear analyses requires the following considerations about the direction
and quantity of applied loads and about the material description.

3.6.1 Load application

It was stated that during an increasing load process the geometry of a structure, a laminate
or a lamina is likely to change. Accordingly in the FE representation the normals of faces
and the local coordinate systems of nodes rotate. Furthermore volumes change as well as
surface areas.

As far as these measures are used to define the direction or the quantity of applied loads,
it’s up to the user whether the applied stresses, forces, displacements or rotations are to
be constantly based on the original geometry or have to follow the changes going along
with the progressive loading. The decision that an applied shear load stays constant in
direction during the progressive loading results in a combination of shear and normal
stress in the deflected lamina whereas an applied load rotating together with the material’s
coordinate system constantly produces shear stress only. Applying the load in form of
a force distributed over an area the overall applied force stays constant if the load is
permanently related to the original area size but the resulting stress on the actual surface
changes. Applying such a load related to the actual size of the area the resulting stress
stays constant but the overall applied force changes during the progressive loading.

Since it is unknown how the experimental results of the WWFE-II will have been gained
[69], the simulated forces have been applied preserving their original orientation. Their
magnitude is defined on the undeformed surface which results in true stresses being higher
or lower than the applied ones depending on an expansion or contraction of the respective
surface. Thus the load applied can be understood as nominal load and forms the basis for
the presentation of results (see Sec. 7.2).

3.6.2 Engineering vs. true stresses and strains

Running a geometrically nonlinear FE analysis, the original geometry and load config-
uration is neither available nor relevant for any load increment but the first one. The
equilibrium of any successive load increment is based on the actual geometry and load
configuration at the beginning of the respective increment, hence stresses and strains re-
lated to the original geometry are neither considered during the analysis nor output at the
end. Accordingly the underlying material model has to correlate true stresses with true
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strains rather than engineering values as they are commonly determined in experiments.
Whereas engineering stresses are the quotient of the force 𝐹 and the original cross-section
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Figure 3.8: Change of material’s cross-section area (a) and length (b) due to an uniaxially
applied tensile load 𝐹 .

area 𝐴0 (see Fig. 3.8a), the true stress is derived by using the deformed cross-section area
𝐴 (𝐹 ):

𝜎𝑒𝑛𝑔𝑖𝑛 =
𝐹

𝐴0

and 𝜎𝑡𝑟𝑢𝑒 =
𝐹

𝐴 (𝐹 )
=

𝐹

𝐴 (𝜖𝑥)
=

𝐹

𝑎 (𝜖𝑥) ⋅ 𝑏 (𝜖𝑥) (3.15)

The strain in x-direction 𝜖𝑥 induces the two lateral contractions

𝜖𝑦 = −𝜈𝑥𝑦 ⋅ 𝜖𝑥 and 𝜖𝑧 = −𝜈𝑥𝑧 ⋅ 𝜖𝑥 (3.16)

whereas the quantitative effects on the dimensions are

𝑎 = 𝑎0 ⋅ (1 + 𝜖𝑦) and 𝑏 = 𝑏0 ⋅ (1 + 𝜖𝑧) . (3.17)

From equations 3.15 to 3.17 the relation between true and engineering stress is

𝜎𝑡𝑟𝑢𝑒 =
𝜎𝑒𝑛𝑔𝑖𝑛

1− (𝜈𝑥𝑦 + 𝜈𝑥𝑧) ⋅ 𝜖𝑥 + 𝜈𝑥𝑦 ⋅ 𝜈𝑥𝑧 ⋅ 𝜖2𝑥
. (3.18)

Note that equation 3.18 differs from the commonly cited Ludwik law 𝜎𝑡𝑟𝑢𝑒 = 𝜎𝑒𝑛𝑔𝑖𝑛 ⋅
(1 + 𝜖𝑥) which postulates a costant volume [79]. This relation is valid for fully plastic
deformation only, thus is not relevant here.

An analogous consideration relates true and engineering strains by means of figure 3.8b
where a load increase by Δ𝐹 results in an additional elongation Δ𝑙 (Δ𝐹 ):

Δ𝜖𝑒𝑛𝑔𝑖𝑛 =
Δ𝑙 (Δ𝐹 )

𝑙0
and Δ𝜖𝑡𝑟𝑢𝑒 =

Δ𝑙 (Δ𝐹 )

𝑙 (𝐹 )
=

Δ𝑙 (Δ𝐹 )

𝑙0 +Δ𝑙 (𝐹 )
(3.19)

Integrating from 𝑙0 to a deformed 𝑙 represents a summation of infinitesimally small load
increments [80] and the result is

𝜖𝑡𝑟𝑢𝑒 = ln

(
𝑙

𝑙0

)
in contrast to 𝜖𝑒𝑛𝑔𝑖𝑛 =

𝑙 − 𝑙0
𝑙0

. (3.20)

Equation 3.20 points out why true strains are often referred to by the term logarithmic
strains.
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3.7 Residual stresses

UD fibre reinforced laminae show orthotropic behaviour in terms of thermal expansion.
In the process of curing a laminate, this leads to residual stresses in the final laminate. The
process is chemically and thermodynamically challenging. Influences like tempering his-
tory, ambient pressure and humidity are hardly to cover in a structural mechanics context.
However the representation of the process by a simple cooling from stress free temper-
ature to room temperature using linear thermal coefficients is intuitive but overestimates
the resulting residual stresses according to our experience [5, 6]. Puck assumes the true
residual stresses to reach half the values calculated from this approach. Accordingly the
presented analyses are based on half the temperature drop from the stress free temperature
to ambient temperature (see Sec. 7.2).

Including thermal expansion within a thermo-mechanically coupled analysis is a standard
procedure in contemporary commercial FE packages and is carried out independently
from Puck’s Theory contained in the user-defined material description (see Ch. 6). Note
that in the case of FEA, the thermally induced residual stresses are automatically subject
to the nonlinear constitutive behaviour of the material. In contrast to most analytical ap-
proaches, the residual stresses are not calculated at first and then constantly superposed
but they are incrementally computed from the residual strains and the current secant stiff-
ness.



4 Puck’s failure theory

The present chapter concentrates on the fracture criteria for unidirectionally fibre rein-
forced polymer composites (UD FRPCs) developed by Puck. As the first World-Wide
Failure Exercise [2] encyclopedically compares currently available failure criteria, the
present work does not compare Puck’s criteria with competitive approaches. After a short
introduction to failure hypothesis in general (see Sec. 4.1), the chapter describes Puck’s
inter-fibre fracture criterion (see Sec. 4.2) and the associated extensions beyond Mohr’s
hypothesis (see Sec. 4.3). Before the fibre fracture is addressed in section 4.7, the appli-
cation within a laminate (see Sec. 4.5) and to special cases (see Sec. 4.6) is discussed.

4.1 Introduction to failure prediction

The task of a failure criterion is the determination whether an arbitrary load applied to
the lamina leads to a fracture or not. This is commonly achieved by a fracture hypothesis
which comprehends the set of all possible states of fracture. It is important to understand
the fracture conditions as hypothetical in the sense that they give statements regarding
an infinite number of states on the basis of very few known states of fracture. These
known – i.e. experimentally accessible, hence determinable states of fracture are referred
to as basic strengths. In the case of UD FRCs these are the fractures due to applied
fibre-parallel or fibre-perpendicular tension and compression (𝑅𝑡

∥, 𝑅
𝑐
∥ , 𝑅𝑡

⊥ and 𝑅𝑐
⊥) and

due to inplane and out-of-plane shear (𝑅⊥∥ and 𝑅⊥⊥). These basic strengths may be
expressed in terms of stress or strain, but as Puck’s criteria are stress-based [21] no strain
thresholds are considered within this work. The fracture criterion defines a closed surface
in the six-dimensional stress space (𝜎1, 𝜎2, 𝜎3, 𝜏12, 𝜏13, 𝜏23), includes – in the best case –
all the available experimental determined strengths and predicts reasonable fractures at
all other stress combinations (see Fig. 4.1). This task in mind it becomes evident that a
fracture criterion can never be more than an hypothesis – i.e. a model representation –
of what happens in cases which are not experimentally proven. As an hypothesis fracture
criteria may be proven or contradicted by further experimental results if the criterion is not
versatile enough to be adapted to the later findings. The hypothesis may be based on pure
mathematical considerations regarding a surface-definition or on fracture-mechanical or
physical considerations. The rising number of experimental results has however pointed
out the advantage of physically-based fracture conditions of which Puck’s Theory is the
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Figure 4.1: Fracture hypothesis (grey line) in the six-dimensional stress or strain space:
Its surface contains all those stress or strain combinations presumable leading to fracture,
particularly the experimentally determined basic strengths (dots).

first and most elaborated one in the case of UD FRPCs.

Figure 4.2 compares the most known representation of Puck’s Theory, the fracture cigar
(b) with a common Tsai-, Hill- or Wu-like [2, 81, 82] global stress-based criterion (a).
Both visualise a fracture condition for plane stress load cases. Without a lookahead to-

ba

Figure 4.2: Visualisation of UD FRC fracture criteria: Tsai-, Hill- or Wu-like global stress
based criterion (a) and the 2D representation of Puck’s action plane-related criteria, the
fracture cigar (b), from [83].

wards the sections below the two main differences between these well-known figures are
outlined here: Whereas the left picture actually shows the global stress-based criterion
defined in the shown (𝜎1, 𝜎2, 𝜏12)-stress space, the Puck’s fracture cigar is only a result of
the actual action plane-related criterion. The second, and visible difference is that Puck’s
fracture cigar consists of two sub-surfaces which represent two different criteria for fibre
fracture (end faces) and inter-fibre fracture (lateral surface). This allows Puck’s Theory
to respond to the significant differences between both fracture types regarding fracture-
mechanical aspects (see Sec. 2.2). Both fracture criteria are described in detail in the
following.
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4.2 Puck’s inter-fibre fracture criterion

The following section describes in detail the elementary thoughts on which Puck’s action
plane-related fracture criterion is based on (see Sec. 4.2.1) and the aspects of application
which are specific to the criterion (see Sec. 4.2.2). The following theoretical part intro-
duces the visual representation of the IFF criterion – the Master Fracture Body (MFB)
– and its mathematical description (see Sec. 4.2.3). The presentation of Puck’s IFF cri-
terion concludes with considerations about the portability of the common 2D fracture
modes classification towards 3D analysis (see Sec. 4.2.4).

4.2.1 Action plane-related fracture criterion

Puck’s criteria for fibre fracture (FF) and inter-fibre fracture (IFF) of unidirectionally
reinforced (UD) composites are physically based on hypotheses and mathematical
formulations appropriate for brittle fracture [4]. Particularly important are formulations
of Coulomb [84], Mohr [85] and one of their successors, Paul [86], which have been
developed for quasi-isotropic materials such as lime stone or grey cast iron. They have
been adapted by Puck to the transversely isotropic UD fibre/polymer composites.

The foundation of all the following formulations is Mohr’s fracture hypothesis:
The fracture limit of a material is determined by the stresses on the fracture plane.

Of main importance for inter-fibre fracture (IFF) are the stressing 𝜎⊥ transverse to
the fibres and the two different shear stressings – inplane shear stressing 𝜏⊥∥ and
through-thickness shear stressing 𝜏⊥⊥. The term stress prevalently implies stresses in the
rectangular global or lamina coordinate system. Being a transversely isotropic material
however, a UD-lamina is stressed by 𝜎2 and 𝜎3 in the same way. Hence the term stressing
is used to emphasise that values in the cylindrical coordinate system of a UD lamina
(𝜎⊥, 𝜎∥, 𝜏⊥∥, 𝜏⊥⊥) are addressed. Conventional failure criteria are formulated with basic
strengths𝑅𝑡

⊥,𝑅𝑐
⊥,𝑅⊥∥ and𝑅⊥⊥ belonging to the basic – i.e. uniaxial1 – stressings. Every

single strength is measured by the application of its particular stressing homogeneously
to a UD-volume element up to failure. In a failure criterion without physical basis it is
irrelevant where and how failure occurs because the measured uniaxial strengths act as
anchor points for an analytical curve or surface without physical meaning only.

1Within the present work the term uniaxial defines cases where the applied load consists of a single
stress or strain component no matter whether this is a normal or a shear component.
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While the general approach is the same when using action plane-related fracture criteria
following Mohr and Puck, the kind and location of a fracture do matter. In this case the
combined stresses acting on a common action plane have to be related to the strengths of
that action plane. These strengths are the amount of a single stressing 𝜎⊥ or 𝜏⊥∥ or 𝜏⊥⊥
that an action plane can bear. Demanding an accurate distinction between these figures
and usual strengths, Puck has introduced the term fracture resistance of the action plane
𝑅𝐴 for the necessary action plane-related material description and has formulated the
following definition:

A fracture resistance of the action plane is the resistance (expressed in the dimension of a
stress) by which an action plane resists its own fracture due to a stress in the considered
action plane caused by one of the basic stressings 𝜎⊥ or 𝜏⊥⊥ or 𝜏⊥∥.

The adequate question when determining a fracture resistance of an action plane is then
(see Fig. 4.3):

To which amount can a single stressing (𝜎𝑡/𝑐⊥ or 𝜏⊥⊥ or 𝜏⊥∥) be increased before a fracture
occurs in exactly that action plane to which the respective stressing is applied?

Figure 4.3: Basic stressings of a UD-lamina and their action planes (grey).

Determining the common strength of a material, it is sufficient to divide the maximum
bearable load by the cross-section area. Interpreting experimental results in terms of
action plane-related fracture criteria, it is important to know whether the fracture has
occurred in the action plane of the applied stressing or not. Figure 4.4 shows, that not for
all the basic stressings this is the case. In almost all UD-laminae a tensile stressing 𝜎𝑡⊥
leads to a fracture plane perpendicular to the applied stressing – otherwise the material is
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classified as not intrinsically brittle (see Sec. 4.6.2). In the former case the fracture plane
and the action plane of the applied stressing coincide, thus the strength of the material
𝑅𝑡

⊥ and the fracture resistance of the action plane 𝑅𝐴 𝑡
⊥ have the same value. The same is

the case when measuring 𝑅𝐴
⊥∥. An applied single 𝜏⊥∥-stressing leads to a shear fracture

on its action plane and thus 𝑅𝐴
⊥∥ has the same value as 𝑅⊥∥. It should be noted that a

corresponding 𝜏∥⊥ will also be acting. However the fracture resistance of its action plane
𝑅𝐴

∥⊥ is much higher due to the fibre reinforcement and thus this value is irrelevant.

Figure 4.4: Fracture planes of an intrinsically brittle UD-composite under uniaxial or pure
shear stressing. (from [4])

In contrast to the two cases above, a single compressive stressing 𝜎𝑐⊥ cannot separate the
material in its action plane which is perpendicular to 𝜎𝑐⊥ (see Figs. 4.4 and 4.3). The UD-
element fractures due to the resulting shear stressing 𝜏⊥⊥ on an oblique fracture plane.
Furthermore it is impossible to produce a fracture in the action plane of an applied 𝜏⊥⊥,
the UD-element fractures due to a tensile stressing 𝜎𝑡⊥ on an oblique fracture plane.

A central conclusion from Puck’s considerations is that there are no more than three
stresses acting on a common action plane (𝜎⊥,𝜏⊥∥ and 𝜏⊥⊥) and thus exactly three fracture
resistances of the action plane𝑅𝐴 are needed. Two of them (𝑅𝐴 𝑡

⊥ and𝑅𝐴
⊥∥) can be derived

directly from the usual strengths of the material but 𝑅𝐴
⊥⊥ needs further consideration (see

Sec. 4.2.2) including the following experimental observation: A superposed tensile stress
𝜎𝑡⊥ on an action plane lowers the bearable shear while a superimposed compressive 𝜎𝑐⊥ on
an action plane increases its intrinsic fracture resistance against 𝜏⊥∥ and/or 𝜏⊥⊥.

To clearly distinguish between applied states of stress and the resulting stresses on an
action plane, it is essential to be familiar with the stress components acting on a plane. The
most general stress combination on any section plane (and a fracture plane in particular)
of an isotropic material consists of one normal stress 𝜎 and one shear stress 𝜏 . The
same situation exists in a UD-composite on a section plane which is parallel to the fibres.
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However in a UD lamina, the shear vector is examined by means of its two components
𝜏𝑛𝑡 and 𝜏𝑛1. The first index 𝑛 means that both are acting on the same action plane which
is perpendicular to the direction 𝑥𝑛. The second index indicates the direction of the shear
stress 𝜏 . Its component 𝜏𝑛𝑡 is acting transversally and 𝜏𝑛1 parallel to the fibre direction 𝑥1
(see Fig. 4.5).

xt

xn

Figure 4.5: Definition of shear stresses in an section plane, from [39].

From a micromechanical aspect these two components of 𝜏𝑛𝜓 in either fibre-parallel or
fibre-transverse direction certainly behave a little different in terms of shear fracture. This
fact is represented by two different fracture resistances of the action plane against shear
(𝑅𝐴

⊥⊥ and 𝑅𝐴
⊥∥) and therefore, when dealing with strengths, 𝜏𝑛𝑡 and 𝜏𝑛1 are treated sepa-

rately. But if only the combined force of 𝜏𝑛𝑡 and 𝜏𝑛1 is of interest, it is reasonable to look
at their resultant shear stress

𝜏𝑛𝜓 =
√
𝜏 2𝑛𝑡 + 𝜏 2𝑛1 . (4.1)

Schematically then – like in isotropic material – on a common stress action plane exist
only one normal stress 𝜎𝑛 and one shear stress 𝜏𝑛𝜓. Note that the corresponding 𝜏𝜓𝑛 acts
in a plane intersecting the fibres (see Fig. 4.5) – the fracture resistances of such planes
are much higher than of fibre-parallel action planes hence they do not play a role in the
fracture analysis.

The physically based fracture hypotheses outlined above have two severe consequences
on the formulation of corresponding fracture criteria:

∘ Only the three stresses 𝜎𝑛, 𝜏𝑛𝑡 and 𝜏𝑛1 acting on a common action plane can appear
in the fracture criteria.
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∘ When the fracture hypotheses are dealing exclusively with the fracture in the com-
mon action plane of 𝜎𝑛, 𝜏𝑛𝑡 and 𝜏𝑛1, exclusively these stresses have to be related to
adequate action plane-related strength measures.

4.2.2 Application-oriented aspects of Puck’s IFF criterion

In terms of application the consequence of the action plane-related fracture hypotheses is,
that in isotropic or transversely isotropic materials there is an infinite number of action
planes which are all potential fracture planes. Hence the action plane with the highest risk
of fracture has to be identified before the fracture stresses can be calculated. While for 2D
states of stress there has been developed an analytical solution by Puck [4], the general
3D state of stress requires the numerical search for the fracture plane.

For this purpose the stretch factor 𝑓𝑆 is calculated for a large number of sections (normally
180) between 𝜃 = [−90∘; 90∘]. The term 𝑓𝑆 is the factor, by which the stress vector 𝜎⃗ =

[𝜎𝑛(𝜃), 𝜏𝑛𝑡(𝜃), 𝜏𝑛1(𝜃)] on the considered action plane must be proportionally increased
(stretched) to cause the fracture of that specific plane (see Fig. 4.6). In other words, 𝑓𝑆
is sort of a reserve factor between the stresses acting on a specific action plane and the
fracture limit of the respective plane (see Eq. 4.2).

f =S

|{s}
|fr

|{s}|

|{s} |fr

|{s}|

0

Mode A

Mode B

Mode C

Figure 4.6: Visualisation of the stretch factor 𝑓𝑆 in the fracture curve of plane states of
stress.

On action planes without stress or only compressive 𝜎𝑛 acting, 𝑓𝑆 would take the numer-
ically objectionable value ∞ (see Fig. 4.7, at 𝜃 = −45∘, i). Thus the reciprocal value
of 𝑓𝑆 , called the stress exposure 𝑓𝐸 , is more appropriate for both analysis and graphical
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representation (see Eq. 4.2). While the term stretch factor is intentionally similar to a
reserve factor, the stress exposure which increases linearly with the applied stress is a
direct measure for the risk of fracture.

𝑓𝐸 =
1

𝑓𝑆
=

length of the actual stress vector 𝜎⃗
length of the vector 𝜎⃗𝑓𝑟 of the stresses leading to fracture

(4.2)

The analysis results in the identification of that plane at 𝜃𝑓𝑝 which needs the lowest stretch
factor 𝑓𝑆𝑚𝑖𝑛

to fracture. Obviously this plane will exclusively reach its fracture limit, if
the applied external stress is increased by the factor 𝑓𝑆𝑚𝑖𝑛

while the rest of the planes with
𝑓𝑆 > 𝑓𝑆𝑚𝑖𝑛

will stay below (see Fig. 4.7, ii) [87].

i

ii

f ( )E q

f ( )E q ×f ( )S fpq

qfp=45°

1

Figure 4.7: Stress exposure 𝑓𝐸(𝜃) for an applied 𝜏23, partly from [39].

The applied stresses 𝜎2, 𝜎3, 𝜏23, 𝜏21 and 𝜏31 (referring to the UD-lamina system) which
have to be transmitted by the matrix and the fibre/matrix interfaces are of main importance
for an IFF. If the fibre-parallel stress 𝜎1 however approaches its fracture limit 𝑅𝑡

∥ or −𝑅𝑐
∥,

it will also influence the IFF (see Sec. 4.3.1).

The action plane-related stresses are derived from the applied stresses as follows:

𝜎𝑛(𝜃) = 𝜎2 ⋅ cos2 𝜃 + 𝜎3 ⋅ sin2 𝜃 + 2𝜏23 ⋅ sin 𝜃 ⋅ cos 𝜃
𝜏𝑛𝑡(𝜃) = −𝜎2 ⋅ sin 𝜃 ⋅ cos 𝜃 + 𝜎3 ⋅ sin 𝜃 ⋅ cos 𝜃 + 𝜏23 ⋅

(
cos2 𝜃 − sin2 𝜃

)
𝜏𝑛1(𝜃) = 𝜏31 ⋅ sin 𝜃 + 𝜏21 ⋅ cos 𝜃

(4.3)

Corresponding to these three stresses which cause a 𝜎⊥, a 𝜏⊥⊥ or a 𝜏⊥∥-stressing respec-
tively, three fracture resistances of the action plane must be known: 𝑅𝐴𝑡

⊥ , 𝑅 𝐴
⊥⊥ and 𝑅 𝐴

⊥∥.
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If for instance a single stressing 𝜎𝑡⊥ is applied to a brittle material it leads to a fracture
plane parallel to its action plane in most FRCs. Following Paul [86] this behaviour is
called intrinsically brittle and Puck’s Theory mainly aims on this class of materials. Paul
was working with isotropic materials, hence the definition may only be applied to con-
siderations on the isotropic – that is transversal – plane of the UD-lamina. Within the
present work intrinsically brittle behaviour is defined as follows: If there are any sections
on which the applied stresses lead to tension 𝜎𝑡𝑛, the fracture occurs in the section with
the largest normal tension 𝜎𝑡𝑛. According to that in the case of a pure 𝜎𝑡⊥-stressing, the
applied stress at the time of fracture is the corresponding strength and also the correspond-
ing fracture resistance of the action plane. Assuming that the present composites behave
intrinsically brittle the following identity of strength and action plane fracture resistance
is valid:

𝑅𝐴𝑡
⊥ = 𝑅 𝑡

⊥ (4.4)

If a pure 𝜏⊥∥-stressing is applied to a UD-composite the embedded fibres force the fracture
to occur in a fibre-parallel section. Thereby the action plane of the 𝜏⊥∥-stressing will
experience the highest 𝜏⊥∥-stressing compared to any other action plane inclined by an
angle 𝜃. Thus for transverse/longitudinal shear, there is always valid:

𝑅 𝐴
⊥∥ = 𝑅⊥∥ (4.5)

In contrast to that 𝑅 𝐴
⊥⊥ is extremely different from the transverse shear strength 𝑅⊥⊥.

Up to now, 𝑅 𝐴
⊥⊥ is not accessible experimentally because the fracture of intrinsically

brittle materials due to an applied 𝜏⊥⊥-stressing does neither occur in its action plane
nor is it a shear fracture: A single 𝜏23-stress leads to tensile fracture in an action plane
which is inclined by 45∘ to the action plane of the applied 𝜏23 (see Fig. 4.7). For the time
being 𝑅 𝐴

⊥⊥ is determined from a uniaxial transverse compression test where the applied
𝜎 𝑐
⊥ leads to a 𝜏⊥⊥-shear fracture in a fracture plane at about 𝜃𝑓𝑝 ≈ ±54∘. While in the

action plane at 𝜃 = 45∘ there obviously acts the highest 𝜏𝑛𝑡 there also acts a fracture-
obstructing compressive 𝜎 𝑐

𝑛 of the same magnitude. This declines towards the actual
fracture plane at ±54∘ where the shear fracture due to 𝜏𝑛𝑡 occurs. The fact that shear
fracture due to 𝜏𝑛𝑡 only occurs with superimposed 𝜎 𝑐

𝑛 requires the reconstruction of 𝑅 𝐴
⊥⊥

using the calibrating inclination parameter 𝑝 𝑐
⊥⊥ (see Eq. 4.6). The meaning and definition

of 𝑝 𝑐
⊥⊥ is discussed below (see Sec. 4.2.3).

𝑅 𝐴
⊥⊥ =

𝑅 𝑐
⊥

2 (1 + 𝑝 𝑐
⊥⊥)

(4.6)
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4.2.3 Visual and mathematical representation – the MFB

The IFF criteria can easily be visualised in the 3D stress space of the action plane
(𝜎𝑛, 𝜏𝑛𝑡, 𝜏𝑛1) – they accommodate the Master Fracture Body (MFB). All the stress vec-
tors which stay inside the MFB can be sustained without fracture, in other words the MFB
envelopes all sustainable (𝜎𝑛, 𝜏𝑛𝑡, 𝜏𝑛1)-combinations. Due to the different effect of a ten-
sile or compressive 𝜎𝑛 on the development of IFF, the MFB-surface consists of two parts
joining at a common cross-section at 𝜎𝑛 = 0. The known anchor points are 𝑅𝐴𝑡

⊥ on the
𝜎𝑛-axis, ±𝑅 𝐴

⊥⊥ on the 𝜏𝑛𝑡-axis and ±𝑅 𝐴
⊥∥ on the 𝜏𝑛1-axis (see Fig. 4.8).

a

b

c

3

A

A

A
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At

Figure 4.8: The Master Fracture Body (MFB) in the action plane-related (𝜎𝑛, 𝜏𝑛𝑡, 𝜏𝑛1)-
stress space, from [4].

As 𝜏𝑛𝑡 and 𝜏𝑛1 both cause a shear stressing acting on a common fibre-parallel action plane
(see Fig. 4.5) the corresponding fracture resistances of the action plane 𝑅 𝐴

⊥⊥ and 𝑅 𝐴
⊥∥

should not differ a lot. Thus it seams reasonable to assume a simple elliptical fracture
criterion for combined (𝜏𝑛𝑡, 𝜏𝑛1)-states of stress 𝜏𝑛𝜓 at 𝜎𝑛 = 0 (see Fig. 4.8b):

(
𝜏𝑛𝜓
𝑅 𝐴

⊥𝜓

)2

=

(
𝜏𝑛𝑡
𝑅 𝐴

⊥⊥

)2

+

(
𝜏𝑛1
𝑅 𝐴

⊥∥

)2

= 1 for 𝜎𝑛 = 0 (4.7)

Having fixed the cross-section at 𝜎𝑛 = 0 Puck decided to describe the MFB by longi-
tudinal sections rather than further cross-sections. The reason is that the tip of a stress
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vector, which is proportionally stretched by the stretch factor 𝑓𝑆 (see Sec. 4.2.2), is mov-
ing in a longitudinal section of the MFB. This fact leads to a rather simple equation for a
longitudinal section.

Those parts of the MFB surface where an applied plane (𝜎2, 𝜏21)-stress combination leads
to a fracture in its own action plane (𝜃𝑓𝑝 = 0∘), can easily be investigated experimentally.
This is the case in the whole positive range of 𝜎2 > 0 and a small part of the negative
𝜎2 ≈ [−0.4 𝑅𝑐

⊥ ; 0]. Within these two ranges there is 𝜃𝑓𝑝 = 0∘ and accordingly 𝜎2 = 𝜎𝑛,
𝜏21 = 𝜏𝑛1 and 𝜏𝑛𝑡 = 0. That means that all the resulting IFF fractures are placed on a
longitudinal contour line of the MFB in the (𝜏𝑛𝑡 = 0)-plane.

For positive 𝜎𝑛 the (𝜎𝑛, 𝜏𝑛1)-fracture curve can be described well by a branch of an ellipse
which cuts the 𝜎𝑛-axis perpendicularly at 𝜎𝑛 = 𝑅𝐴𝑡

⊥ and the positive 𝜏𝑛1-axis at 𝜏𝑛1 = 𝑅 𝐴
⊥∥

with a declining slope of about 𝛿𝜏𝑛1

𝛿𝜎𝑛
= −0.3 (see Fig. 4.8a). According to Coulomb [84]

the fracture curve continues in the negative 𝜎𝑛-region as an inclined straight line. To en-
sure conservative results however, a diminishing dependence of the fracture resistances of
the action plane against shear from negative 𝜎𝑛 is assumed. Thus Puck chose a parabolic
contour line in this region [4] see p. 54ff. This assumption follows Mohr’s idea that the
strengthening effect of compressive 𝜎𝑛 decreases with growing compressive 𝜎𝑛.

Finally the whole MFB arises from the set of ellipse/parabola-contour lines for all angles
𝜓. For positive 𝜎𝑛 the result is a calotte with the utmost point on the 𝜎𝑛-axis at 𝜎𝑛 = 𝑅𝐴𝑡

⊥
and 𝜏𝑛𝜓 = 0. Looking in negative 𝜎𝑛-direction, the MFB looks like an infinite, slightly
widening funnel. This meets the fact that 𝜎𝑛 alone never causes fracture. There is always
a specific amount of 𝜏𝑛𝜓 necessary for fracture and this amount grows with increasing
compressive 𝜎𝑛.

In the following a contour line of the MFB is described by an ellipse in the 𝜎𝑛 ≥ 0 half
space and by a parabola in the 𝜎𝑛 < 0 half space:

(
𝜏𝑛𝜓
𝑅 𝐴

⊥𝜓

)2

+ 𝑐1
𝜎𝑛
𝑅𝐴𝑡

⊥
+ 𝑐2

(
𝜎𝑛
𝑅𝐴𝑡

⊥

)2

= 1 for 𝜎𝑛 ≥ 0 (4.8)

(
𝜏𝑛𝜓
𝑅 𝐴

⊥𝜓

)2

+ 𝑐 𝜎𝑛 = 1 for 𝜎𝑛 < 0 (4.9)

The ellipse has to include three anchor points (see Fig. 4.8c) which are[
𝜎𝑛

𝜏𝑛𝜓

]
=

[
𝑅𝐴𝑡

⊥
0

]
on the 𝜎𝑛-axis and

[
0

±𝑅𝐴
⊥𝜓

]
on the 𝜏𝑛𝜓-axis. (4.10)
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With equation 4.1 and the geometric relations 𝜏𝑛𝑡 = 𝜏𝑛𝜓 cos𝜓 and 𝜏𝑛1 = 𝜏𝑛𝜓 sin𝜓 it
follows from equation 4.7:

𝑅 𝐴
⊥𝜓 =

⎡⎣(cos𝜓

𝑅 𝐴
⊥⊥

)2

+

(
𝑠𝑖𝑛𝜓

𝑅 𝐴
⊥∥

)2
⎤⎦− 1

2

(4.11)

While the ellipse crosses the 𝜎𝑛-axis perpendicularly it should cross the 𝜏𝑛𝜓-axis with
an inclination which can be chosen within specific limits (see Eq. 4.12). Recommended
values will be presented later in this section.

(
𝛿𝜏𝑛𝜓
𝛿𝜎𝑛

)𝑒𝑙𝑙𝑖𝑝𝑠𝑒
𝜎𝑛=0

=

⎧⎨⎩−𝑝𝑡⊥𝜓 for 𝜏𝑛𝜓 > 0

𝑝𝑡⊥𝜓 for 𝜏𝑛𝜓 < 0
(4.12)

The parabola describing the contour line of the MFB in areas 𝜎𝑛 < 0 starts at the anchor
points

(
𝜎𝑛 = 0, 𝜏𝑛𝜓 = ±𝑅 𝐴

⊥𝜓
)

and its inclination may differ slightly from the inclination
of the ellipse joining at that point:

(
𝛿𝜏𝑛𝜓
𝛿𝜎𝑛

)𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎
𝜎𝑛=0

=

⎧⎨⎩−𝑝𝑐⊥𝜓 for 𝜏𝑛𝜓 > 0

𝑝𝑐⊥𝜓 for 𝜏𝑛𝜓 < 0
(4.13)

With the above conditions the constants 𝑐1, 𝑐2 and 𝑐 (see Eqs. 4.8 and 4.9) become

𝑐1 = 2
𝑝𝑡⊥𝜓 𝑅

𝐴𝑡
⊥

𝑅𝐴
⊥𝜓

(4.14)

𝑐2 = 1− 2
𝑝𝑡⊥𝜓 𝑅

𝐴𝑡
⊥

𝑅 𝐴
⊥𝜓

(4.15)

𝑐 = 2
𝑝𝑐⊥𝜓
𝑅𝐴

⊥𝜓
. (4.16)

For the inclination values at 𝜓 = 90∘, that means the longitudinal section of the MFB
where only 𝜎𝑛 and 𝜏𝑛1 exist (𝜏𝑛𝑡 = 0), there is some experimental experience concerning
the inclination parameters 𝑝𝑡⊥𝜓 and 𝑝𝑐⊥𝜓 which are named 𝑝𝑡⊥∥ and 𝑝𝑐⊥∥ in that particular
case. The present analysis follows the recommendations given in [88, 89] also for the
values 𝑝𝑡⊥⊥ and 𝑝𝑐⊥⊥ valid in the longitudinal section of the MFB at 𝜓 = 0∘ (see Tab. 4.1).

Having chosen the inclinations of the contour lines at 𝜓 = 0∘ and 90∘, Puck uses the
following interpolation procedure (see Eq. 4.17) to define the values of 𝑝𝑡⊥𝜓 and 𝑝𝑐⊥𝜓 at
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𝑝𝑡⊥∥ 𝑝𝑐⊥∥ 𝑝𝑡⊥⊥, 𝑝𝑐⊥⊥
GFRP 0.30 0.25 0.20 to 0.25
CFRP 0.35 0.30 0.25 to 0.30

Table 4.1: Recommended inclination parameters.

any angle 𝜓. The procedure ensures a harmonic behaviour of the change in inclination
around the circumference of the MFB.

𝑝𝑡,𝑐⊥𝜓
𝑅𝐴

⊥𝜓
=
𝑝𝑡,𝑐⊥⊥
𝑅𝐴

⊥⊥
cos2 𝜓 +

𝑝𝑡,𝑐⊥∥
𝑅𝐴

⊥∥
sin2 𝜓 (4.17)

with

cos2 𝜓 =
𝜏 2𝑛𝑡

𝜏 2𝑛𝑡 + 𝜏 2𝑛1
(4.18)

and

sin2 𝜓 =
𝜏 2𝑛1

𝜏 2𝑛𝑡 + 𝜏 2𝑛1
(4.19)

With equation 4.7 the MFB is completely described by equations 4.8 and 4.9 which are
polynomials of second order of the stresses. The right hand side of the equations set
to one makes them a fracture condition. This means, 𝜎𝑛 and 𝜏𝑛𝜓 calculated using these
equations are stresses at IFF. If stresses lower than these are inserted in the left hand side
of the equations 4.8 and 4.9, the result is a figure lower than one. Though this indicates,
that these stresses are bearable without IFF, the figure itself does not represent the stress
exposure (see Sec. 4.2.2). It was stated that the stress exposure 𝑓𝐸 should increase linearly
with proportionally increasing stresses – this is not the case in the quadratic equations 4.8
and 4.9. Thus they have to be rearranged to form a homogeneous function in the first
degree of the stresses. This can be easily achieved by dividing the stress terms of the
first order by 𝑓𝐸 and those of the second order by 𝑓 2

𝐸 . Then the general solution of the
resulting quadratic equation for 𝑓𝐸 can be written

𝑓𝐸 =
1

2

(∑
𝐿+

√(∑
𝐿
)2

+ 4
∑

𝑄

)
(4.20)

where
∑
𝐿 is the sum of the stress terms of first order,

∑
𝑄 the sum of those of second

order. Applying this term to the fracture conditions (Eqs. 4.8 and 4.9) leads to the two
central expressions of Puck’s IFF criterion:
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𝑓𝐸 𝐼𝐹𝐹 (𝜃) =

√√√√√⎷
[(

1

𝑅𝐴𝑡
⊥

− 𝑝𝑡⊥𝜓
𝑅𝐴

⊥𝜓︸︷︷︸
Eq. 4.23

)
𝜎𝑛(𝜃)

]2
+

(
𝜏𝑛𝑡(𝜃)

𝑅𝐴
⊥⊥︸︷︷︸

Eq. 4.6

)2

+

(
𝜏𝑛1(𝜃)

𝑅𝐴
⊥∥

)2

+
𝑝𝑡⊥𝜓
𝑅𝐴

⊥𝜓︸︷︷︸
Eq. 4.23

𝜎𝑛(𝜃)

(4.21)

for 𝜎𝑛 ≥ 0 and

𝑓𝐸 𝐼𝐹𝐹 (𝜃) =

√√√√√⎷
(
𝜏𝑛𝑡(𝜃)

𝑅𝐴
⊥⊥︸︷︷︸

Eq. 4.6

)2

+

(
𝜏𝑛1(𝜃)

𝑅𝐴
⊥∥

)2

+

(
𝑝𝑐⊥𝜓
𝑅𝐴

⊥𝜓︸︷︷︸
Eq. 4.23

𝜎𝑛(𝜃)

)2

+
𝑝𝑐⊥𝜓
𝑅𝐴

⊥𝜓︸︷︷︸
Eq. 4.23

𝜎𝑛(𝜃) (4.22)

for 𝜎𝑛 < 0

where

𝑝𝑡,𝑐⊥𝜓
𝑅𝐴

⊥𝜓
=

𝑝𝑡,𝑐⊥⊥
𝑅𝐴

⊥⊥︸︷︷︸
Eq. 4.6

cos2 𝜓︸ ︷︷ ︸
Eq. 4.18

+
𝑝𝑡,𝑐⊥∥
𝑅𝐴

⊥∥
sin2 𝜓︸ ︷︷ ︸
Eq. 4.19

(4.23)

Setting 𝑓𝐸 = 1 and 𝜃 = 𝜃𝑓𝑝, equations 4.21 and 4.22 are a different form of the fracture
condition equations 4.8 and 4.9.

Using these two equations (Eqs. 4.21 and 4.22) the orientation 𝜃𝑓𝑝 of the expected fracture
plane can be identified:

[𝑓𝐸 𝐼𝐹𝐹 (𝜃)]𝑚𝑎𝑥 = 𝑓𝐸 𝐼𝐹𝐹 (𝜃𝑓𝑝) (4.24)

The associated value of the stress exposure is generally referred to as 𝑓𝐸 𝐼𝐹𝐹 associated
with a specific state of applied stress and is also the central parameter for the post-failure
degradation analysis (see Ch. 5).

4.2.4 IFF fracture modes classification for 3D analysis

In the design of critical components it is of extraordinary importance to know, which
stresses and strengths of the material are of primary relevance for a failure. Regarding
IFF, Puck’s action plane-related fracture criteria now offer the relevant information by
identifying the orientation of the fracture plane and the stresses acting on it.
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In his first publication about the new fracture plane-related IFF criteria [21] Puck has
extensively discussed the general shape of the experimentally well captured (𝜎2, 𝜏21)-
fracture curve (see Fig. 4.6) and the basic observations associated with the occurring
fracture plane orientations. These observations led to the distinction of three different
sections of the fracture curve. Starting from 𝜎2 = 𝑅𝑡

⊥, via 𝜏21 = 𝑅⊥∥ and ending at
𝜎2 = −𝑅𝑐

⊥ (see Fig. 4.6) there consecutively occur different stress combinations on the
fracture plane leading to different modes of IFF (see Tab. 4.2).

The most important conclusion from the considerations above is: All the presented frac-
ture modes are described exclusively by equations 4.21 and 4.22. This is possible due to
a two-stage analysis: First the criteria are used to identify the orientation of the fracture
plane 𝜃𝑓𝑝 and in a second step they are used to calculate the fracture stresses on that very
plane.

The application of an arbitrary 3D load could potentially produce more states of stress on
the fracture plane than those encountered under 2D load. The most likely case is that all
the three stresses 𝜎𝑛, 𝜏𝑛𝑡 and 𝜏𝑛1 are acting together on the fracture plane. The substantial
difference between all the possible combinations is the algebraic sign of 𝜎𝑛. The mechan-
ical difference lies in the fact that a tensile stress 𝜎𝑛 > 0 promotes IFF while compressive
stress 𝜎𝑛 < 0 impedes it (see Sec. 4.2.1). Mathematically this fact is expressed by two
different fracture conditions, one for positive and one for negative 𝜎𝑛 (see Sec. 4.2.3). It is
also conceivable, that pure shear (𝜏𝑛1 and/or 𝜏𝑛𝑡) acts on the fracture plane. According to
this there is a complete scheme of conceivable stress combinations on the fracture plane
(see Tab. 4.3).

Although in the 3D case the categorisation into Modes A, B and C seems no longer ad-
equate, the differentiation between fractures with positive or negative 𝜎𝑛 on their frac-
ture plane is still significant regarding the consequences of the fracture: While fractures
with 𝜎𝑡𝑛 acting on their fracture plane are generally supposed to be tolerable if the load
can be redistributed to neighbouring laminae, fracture planes with 𝜎𝑐𝑛 indicate the risk of
an abrupt fatal disintegration (local splitting and delamination) of the laminate by their
wedge effect [6, 39] if a compressive 𝜎2 is present. The considerations above are relevant

Mode A Mode B Mode C
𝜃𝑓𝑝 = 0∘ 𝜃𝑓𝑝 = 0∘ 𝜃𝑓𝑝 ∕= 0∘

{𝜎𝑡𝑛 0 0} {𝜎𝑐𝑛 0 𝜏𝑛1} {𝜎𝑐𝑛 𝜏𝑛𝑡 𝜏𝑛1}
{𝜎𝑡𝑛 0 𝜏𝑛1} {𝜎𝑐𝑛 𝜏𝑛𝑡 0}
{0 0 𝜏𝑛1}

Table 4.2: Possible 2D stress combinations leading to the different IFF fracture modes.
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𝜎𝑛 < 0 𝜎𝑛 = 0 𝜎𝑛 > 0

{𝜎𝑐𝑛 𝜏𝑛𝑡 𝜏𝑛1} {0 𝜏𝑛𝑡 𝜏𝑛1} {𝜎𝑡𝑛 𝜏𝑛𝑡 𝜏𝑛1}
{𝜎𝑐𝑛 𝜏𝑛𝑡 0} {0 𝜏𝑛𝑡 0} ** {𝜎𝑡𝑛 𝜏𝑛𝑡 0} **
{𝜎𝑐𝑛 0 𝜏𝑛1} {0 0 𝜏𝑛1} {𝜎𝑡𝑛 0 𝜏𝑛1}
{𝜎𝑐𝑛 0 0} * {𝜎𝑡𝑛 0 0}
* A fracture plane on which 𝜎𝑐𝑛 acts exclusively is not conceivable
because the fracture resistance of the action plane against compres-
sive stress is 𝑅𝐴 𝑐

⊥ = ∞ (see Sec. 4.2.3).

** In UD-composites with common ratios between material
strengths 𝑅𝑐

⊥ and 𝑅𝑡
⊥ these combinations do not appear.

Table 4.3: Possible 3D stress combinations on a fracture plane.

for the post-failure degradation analysis and are resumed in chapter 5.

4.3 Influences on the IFF beyond Mohr’s hypothesis

In the context of this section it is important to stress that Puck’s IFF criteria predict brittle
macroscopic IFF failure by means of cracks through the entire thickness of the lamina.
Pre-fracture micro-damage-induced constitutive nonlinearities (see Fig. 2.5) are not con-
sidered by Puck’s failure theory itself but by the preceding nonlinear stress analysis (see
Sec. 3.1.2). However the extended theory accounts for the influence of micro-damage on
the load bearing capacity of the material.

It was previously stated that only stresses acting on the fracture plane (𝜎𝑛, 𝜏𝑛1, 𝜏𝑛𝑡) are
relevant for the fracture itself (see Sec. 4.2). In accordance with Mohr [85], neither the
fibre-parallel stress 𝜎1 nor the levels of IFF stress exposures on planes other than the
fracture plane have been included so far. Considering the gradual development of an
IFF due to the progressive formation of micro cracks and for probabilistic reasons (see
Sec. 2.1), there are states of stress where a pure Mohr approach is expected to be on the
non-conservative side. Therefore the following two extensions of the IFF criteria have
been developed by Puck beyond Mohr’s hypothesis (see Secs. 4.3.1 and 4.3.2).

4.3.1 Influences of fibre-parallel stress 𝜎1

According to Mohr, the stress 𝜎1 does not have any influence on an IFF because that stress’
action plane is perpendicular to any possible IFF fracture plane – thus 𝜎𝑛(𝜃), 𝜏𝑛1(𝜃) and
𝜏𝑛𝑡(𝜃) are independent from 𝜎1. Experiments, however, have revealed a series of effects
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which require the inclusion of a 𝜎1-term to reduce the IFF strength somewhat [39]. The
most essential effect is explained by the statistical scatter in the fibre strength. Macro-
scopically detected fibre fracture (FF) at ∣𝜎1∣ = 𝑅∥ is the moment, when a very large
number of elementary fibres breaks and the UD lamina looses most of its load-bearing
capacity in fibre direction. Statistical laws state that some elementary fibres will already
have been broken before the fibre fracture limit 𝑅∥ of the UD lamina has been reached
– this is the case for both fibre fractures (tensile 𝜎1) and fibre kinking (compressive 𝜎1).
The result of those micro fibre fractures is a local damage of the UD lamina in the form
of a local fibre-matrix debonding and micro-fractures in the highly loaded neighbouring
matrix material [10]. They weaken the overall fibre-matrix cohesion and thus reduce its
resistance against IFF.

In order to include the weakening effect of 𝜎1 in the IFF analysis, the fracture resistances
of the action planes are reduced by a weakening factor 𝜂𝑤1 = [0; 1]. This factor can
be used in the tensile and compressive range of 𝜎1 in the same way. For the sake of
simplicity 𝜂𝑤1 has the same value for all the three fracture resistances 𝑅𝐴𝑡

⊥ , 𝑅𝐴
⊥⊥ and 𝑅𝐴

⊥∥.
This assumption has the effect that the orientation of the fracture plane 𝜃𝑓𝑝 is independent
from 𝜂𝑤1 since 𝜎1 is independent from 𝜃 [4]. That means the identification of the fracture
plane will be carried out the same way whether including the 𝜎1-influence or not.

ii
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iii
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Figure 4.9: (𝜎1, 𝜎2)-fracture curve including the 𝜎1-influence on IFF.

Regarding the definition of 𝜂𝑤1, the considerations of Puck and Schürmann [6, 39] may
be explained by studying the fracture curve of a simple (𝜎2, 𝜎1)-load case (see Fig. 4.9)
in the first quadrant. Gradually starting at a specific 𝜎1-value (horizontal tangent, see
Fig. 4.9, i) the weakening effect increases with increasing 𝜎1 but presumably leaves some
IFF fracture resistance when reaching the fibre fracture limit (ii). Hence the weakening is
described by a fracture curve in the form of a segment of an ellipse. The segment starts
at 𝑠 ⋅ 𝑅∥(𝑠 = [0; 1]) and ends at the FF-limit ∣𝜎1∣ = 𝑅∥. Here, the bearable 𝜎2 reaches its
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minimum 𝑚 ⋅ 𝑅𝑡
⊥(𝑚 = [0; 1]). Both 𝑚 and 𝑠 can be chosen freely between their limits

and may differ for compressive or tensile 𝜎1. Without adequate experimental results the
currently suggested values are 𝑚 = 𝑠 = 0.5 [88] but as soon as the authors get to know
relevant data these parameters may be adjusted.

Aiming on the stress exposures 𝑓𝐸 𝐹𝐹 and 𝑓𝐸 𝐼𝐹𝐹 being the central parameters in the 𝜂𝑤1-
definition also, the (𝜎2, 𝜎1)-fracture curve may be transferred into a 𝑓𝐸 𝐼𝐹𝐹 (𝜎2) against
𝑓𝐸 𝐹𝐹 (𝜎1) curve by dividing 𝜎2 by 𝑅𝑡

⊥ or −𝑅𝑐
⊥ and 𝜎1 by 𝑅𝑡

∥ or −𝑅𝑐
∥, respectively. This

operation results in solely positive values between [0; 1] and now the former curves of
quadrant 1 and 4 coincide in one curve valid for tensile 𝜎1 and the former curves of
quadrant 2 and 3 coincide in another curve valid for compressive 𝜎1 – now both in the
first quadrant. If compressive and tensile 𝜎1 are treated equally regarding 𝑠 and 𝑚, both
remaining curves are identical and for simplicity reasons this case is shown in figure 4.9.

Accepting the hypothesis above, that high 𝜎1 – hence high fibre fracture stress exposure
𝑓𝐸 𝐹𝐹 (see Sec. 4.7) – weakens all the IFF fracture resistances of all the action planes in
the same way, the considerations may be continued without distinction whether 𝜎2 or any
other combination of applied stresses leads to the IFF. Thus the first quadrant of figure 4.9
simultaneously shows the generally bearable 𝑓𝐸 𝐼𝐹𝐹 against 𝑓𝐸 𝐹𝐹 . In order to stick to the
general fracture condition 𝑓𝐸 = 1, the bearable IFF stress exposure 𝑓𝐸 𝐼𝐹𝐹 is corrected
by (𝜂𝑤1)

−1 which represents a reduction of the fracture resistances:

𝑓𝐸 𝐼𝐹𝐹𝑤1 =
𝑓𝐸 𝐼𝐹𝐹 (𝜃𝑓𝑝)

𝜂𝑤1
(4.25)

Setting 𝑓𝐸 𝐼𝐹𝐹 = 1 (fracture condition) in equations 4.21 and 4.22 and multiplying all the
fracture resistances of the action planes by the same 𝜂𝑤1-value, it may be brought to the
left hand side and accordingly the first quadrant of figure 4.9 also shows the value of 𝜂𝑤1
against 𝑓𝐸 𝐹𝐹 . The weakening factor 𝜂𝑤1 (𝑓𝐸 𝐹𝐹 ) is now defined by an elliptical function
for 𝑓𝐸 𝐹𝐹 = [𝑠; 1]:

𝜂𝑤1 (𝑓𝐸 𝐹𝐹 ) =

√
1− (𝑓𝐸 𝐹𝐹 − 𝑠)2

𝑎2
with 𝑎 =

1− 𝑠√
1−𝑚2

(4.26)

Now that we have defined the conditions on the fracture curve we address a general load
case:
An 𝜂𝑤1-value is not only valid for a specific point on the fracture curve but it is applied to
all the load cases whose proportional increase leads to that specific fracture (see Eq. 4.25).
The set of these load cases forms a straight line in figure 4.9, iii with an equal ratio
between 𝑓𝐸 𝐼𝐹𝐹 and 𝑓𝐸 𝐹𝐹 . Accordingly the correlation 𝜂𝑤1 (𝑓𝐸 𝐹𝐹 ) has to be transferred
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into 𝜂𝑤1
(
𝑓𝐸 𝐼𝐹𝐹

𝑓𝐸 𝐹𝐹

)
. The relation between 𝑓𝐸 𝐼𝐹𝐹

𝑓𝐸 𝐹𝐹
and 𝑓𝐸 𝐹𝐹 is given by the fact that 𝑓𝐸 𝐹𝐹

is the abscissa value of the intersection between the line and the segment of the ellipse:

𝑓𝐸 𝐹𝐹 =
𝑠+

√
𝑠2 − (1 + 𝑎2𝑐2)(𝑠2 − 𝑎2)

1 + 𝑎2𝑐2
with 𝑐 =

𝑓𝐸 𝐼𝐹𝐹 (𝜃𝑓𝑝)

𝑓𝐸 𝐹𝐹

(4.27)

Equation 4.27 inserted into equation 4.26 the weakening factor is

𝜂𝑤1

(
𝑓𝐸 𝐼𝐹𝐹

𝑓𝐸 𝐹𝐹

)
=
𝑐
(
𝑎
√
𝑐2 (𝑎2 − 𝑠2) + 1 + 𝑠

)
(𝑐𝑎)2 + 1

for
1

𝑠
≥ 𝑓𝐸 𝐼𝐹𝐹 (𝜃𝑓𝑝)

𝑓𝐸 𝐹𝐹

≥ 𝑚 . (4.28)

Note that for 𝑓𝐸 𝐼𝐹𝐹 (𝜃𝑓𝑝)

𝑓𝐸 𝐹𝐹
> 1

𝑠
, there is no 𝜎1-influence (𝜂𝑤1=1) while for 𝑓𝐸 𝐼𝐹𝐹 (𝜃𝑓𝑝)

𝑓𝐸 𝐹𝐹
< 𝑚

there is no IFF [4]see p. 86.

4.3.2 Influence of non-fracture plane stresses

Micromechanical studies show that an IFF does not happen suddenly without any advance
notice (see Sec. 2.3.1). Once the standardised IFF stress exposure

𝑓 ′
𝐸 𝐼𝐹𝐹 (𝜃) =

𝑓𝐸 𝐼𝐹𝐹 (𝜃)

𝑓𝐸 𝐼𝐹𝐹 (𝜃𝑓𝑝)
(4.29)

exceeds a threshold value of about 𝑓 ′
𝐸 𝐼𝐹𝐹 (𝜃) ≈ 0.5, instances of micro-damage to the

fibre-matrix composite will occur which increase progressively with increasing stress ex-
posure. In the example of a transverse/longitudinal shear stressing 𝜏⊥∥, these are the
familiar 45∘ micro cracks (hackles) [21] which are stopped at the fibres and cause tiny
debondings. It is only when micro-fractures have exceeded a certain magnitude that the
IFF will suddenly occur. Generally the micro-fractures resulting from one or more spe-
cific stressings have a weakening effect on the fracture resistances 𝑅𝐴 of all fibre-parallel
sections.

Additionally every real fibre-matrix composite contains flaws – in the form of curing
cracks, flat air entrapments (voids) or local imperfections in the fibre-matrix bonding.
Flaws of that kind do have a sense of direction. There is a high probability that a section
with an orientation other than the theoretically defined 𝜃𝑓𝑝 contains a flaw which triggers
the fracture despite its somewhat lower 𝑓𝐸 𝐼𝐹𝐹 (𝜃). This is a probabilistic effect. It adds
uncertainty to the prediction of the fracture angle and causes the fracture stresses at IFF
to be lower than those calculated following Mohr strictly.

In both examples there is a mixture of effects of micro-damage and of probabilistic
effects – they cannot be treated separately. In the analysis both effects are treated by a
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weakening factor 𝜂𝑚+𝑝. Generalising, these examples lead to the following conclusion:

It is to be expected that the effects of micro-damage and probabilistic reducing the
magnitude of IFF stresses will rise with the number of fibre-parallel sections which
experience relatively high IFF stress exposures.

In the following the weakening effect of micro-damage and probabilistics on the load
bearing capacity of the material is discussed by means of combined (𝜎2, 𝜎3)-load cases
with varying ratios. Figure 4.10a presents sections of the fracture curves – the dashed
line is the fracture curve predicted by the IFF fracture criterion described above (see
Sec. 4.2) whereas the bold line represents the fracture curve including micro-damage and
probabilistic effects as experimentally observed. Figures 4.10b - d show the standardised
stress exposure curves for the three load ratios discussed in detail:

b Solely applied 𝜎2 (𝜎3 = 0) or cases with a small additional amount of 𝜎3 lead to
only few highly stressed action planes in a small interval around the fracture angle
𝜃𝑝𝑓 = 0∘. Only few of the contained flaws are sensitive against the applied load and
develop into correspondingly oriented micro-cracks (see insert). These few micro-
defects have only a limited weakening effect on the load bearing capacity of the
material (see Fig. 4.10a, i). The associated weakening factor 𝜂𝑚+𝑝 is only slightly
below 1.

c Load cases with a higher ratio between 𝜎3 and 𝜎2 lead to considerably more action
planes where the threshold for micro-damage (here 𝑓 ′

𝐸 𝐼𝐹𝐹𝑡ℎ𝑟
= 0.5 [88]) has been

exceeded. More flaws are activated and develop to micro-defects with a larger
variety of orientations (see insert) but their weakening effect is considered to be
orientation-independent. The associated weakening factor 𝜂𝑚+𝑝 is noticeably below
1 and the fracture curve is accordingly corrected to lower bearable stresses (see
Fig. 4.10a, ii).

d Load cases with a 𝜎3/𝜎2-ratio approaching 1 are close to the extreme case where
all the sections are experiencing the same stress exposure, i.e. 𝑓 ′

𝐸 𝐼𝐹𝐹 (𝜃) = 1 =

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 for 𝜎3 = 𝜎2. Having only tensile load components applied, in case 𝑑
the normal stress 𝜎𝑛 is nearly equally high on all action planes and all kinds of
contained flaws are activated (see insert). The resulting micro-defects significantly
weaken the load bearing capacity of the material which is represented by an associ-
ated 𝜂𝑚+𝑝 ≈ 0.7 (see Fig. 4.10a, iii).
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Figure 4.10: For a (𝜎2, 𝜎3)-stress combination: (a) Fracture curves before (thin lines) and
after 𝜂𝑚+𝑝-correction (bold lines) and (b) standardised stress exposure curves 𝑓 ′

𝐸 𝐼𝐹𝐹 (𝜃).
The hatched triangle in (b) represents 𝑆𝑟𝑒𝑓 .

The three load cases above illustrate the hypothesis, that the weakening effect of micro-
damage and probabilistic on the load bearing capacity is related to the fraction of highly
loaded action planes. Regarding the analytical treatment however, neither micromechan-
ical failure analysis nor probabilistic methods can be included in an efficient component
design process. Therefore the following calculation method has been developed by Puck
which is applicable in engineering practice – it is a phenomenological though physically
founded approach. The 𝜂𝑚+𝑝-determination is based on the following assumptions:

∘ The IFF fracture plane appears at the angle 𝜃𝑓𝑝 for which - according to Mohr’s
hypothesis – the maximum stress exposure [𝑓𝐸 𝐼𝐹𝐹 (𝜃)]𝑚𝑎𝑥 = 𝑓𝐸 𝐼𝐹𝐹 (𝜃𝑓𝑝) has been
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calculated (see Eqs. 4.21 and 4.22).

∘ The IFF fracture stresses are obtained by correcting the fracture stresses {𝜎}Mohr
𝑓𝑟

calculated from 𝑓𝐸 𝐼𝐹𝐹 (𝜃𝑓𝑝) to lower stresses {𝜎}𝑚+𝑝 using the correction factor
𝜂𝑚+𝑝 = [0; 1] (see Eq. 4.30). Correspondingly, the IFF stress exposures calculated
by Mohr 𝑓𝐸 𝐼𝐹𝐹 (𝜃𝑓𝑝) are corrected to higher values 𝑓𝐸 𝐼𝐹𝐹𝑚+𝑝 by dividing them by
𝜂𝑚+𝑝 (see Eq. 4.31).

{𝜎}𝑚+𝑝 = {𝜎}Mohr
𝑓𝑟 ⋅ 𝜂𝑚+𝑝 =

{𝜎}
𝑓𝐸 𝐼𝐹𝐹 (𝜃𝑓𝑝)

⋅ 𝜂𝑚+𝑝 =
{𝜎}

𝑓𝐸 𝐼𝐹𝐹𝑚+𝑝

(4.30)

𝑓𝐸 𝐼𝐹𝐹𝑚+𝑝 =
𝑓𝐸 𝐼𝐹𝐹 (𝜃𝑓𝑝)

𝜂𝑚+𝑝

or =
𝑓𝐸 𝐼𝐹𝐹𝑤1

𝜂𝑚+𝑝

, respectively (4.31)

The integrated amount 𝑆 of standardised stress exposure on all the relevant fibre-parallel
sections represents the area below the respective 𝑓 ′

𝐸 𝐼𝐹𝐹 (𝜃)-curve (see Fig. 4.10b) and is
calculated as follows:

𝑆 =

∫
all planes*

(
𝑓 ′
𝐸 𝐼𝐹𝐹 (𝜃)− 𝑓 ′

𝐸 𝐼𝐹𝐹𝑡ℎ𝑟

)
𝑑𝜃 ≈

179∘∗∑
0∘

(
𝑓 ′
𝐸 𝐼𝐹𝐹 (𝜃)− 𝑓 ′

𝐸 𝐼𝐹𝐹𝑡ℎ𝑟

) ⋅ △𝜃 (4.32)

* only including planes where 𝑓 ′
𝐸 𝐼𝐹𝐹 (𝜃) ≥ 𝑓 ′

𝐸 𝐼𝐹𝐹𝑡ℎ𝑟

The summing formula as presented above is valid for angular increments of △𝜃 = 1∘.
The integration or summing with a zero line shifted by 𝑓 ′

𝐸 𝐼𝐹𝐹𝑡ℎ𝑟
results in a considerably

higher weight of high 𝑓 ′
𝐸 𝐼𝐹𝐹 (𝜃)-values than of low ones.

Puck has described the dependence of 𝜂𝑚+𝑝 on the integrated standardised stress exposure
𝑆 by

𝜂𝑚+𝑝 = 1−△𝑚𝑎𝑥
𝑆 − 𝑆𝑟𝑒𝑓

𝑆𝑚𝑎𝑥 − 𝑆𝑟𝑒𝑓
(4.33)

with 𝑆𝑚𝑎𝑥 = 90∘ and 𝑆𝑟𝑒𝑓 = 30∘ [88].

The reference value 𝑆𝑟𝑒𝑓 achieves a reasonable sensitivity on 𝜂𝑚+𝑝 against the differences
in the 𝑆-values of different states of stress. 𝑆𝑟𝑒𝑓 represents large parts of that area below
the standardised stress exposure curve which is already contained below a uniaxial load
case curve (see Fig. 4.10b, hatched triangle) and hence contained below every standard-
ised stress exposure. The value △𝑚𝑎𝑥 = [0.15; 0.25] calibrates the 𝜂𝑚+𝑝-correction.

Note that {𝜎}Mohr
𝑓𝑟 and 𝑓𝐸 𝐼𝐹𝐹 (𝜃𝑓𝑝) (Eqs. 4.30 and 4.31) have to be calculated by a cor-

rected set of material parameters. The reason is that the experimentally determined
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strengths 𝑅𝑡
⊥, 𝑅𝑐

⊥ and 𝑅⊥∥ (the anchor points of the IFF criteria) ab initio include micro-
damage and probabilistic effects. Thus the analytical procedure of the 𝜂𝑚+𝑝-corrections
should not degrade these values a second time – the experimentally measured basic ma-
terial strengths have just to be met by an analysis including 𝜂𝑚+𝑝.

Correcting the material strengths suggests the correction of the inclination parameters 𝑝𝑡,𝑐⊥∥
and 𝑝𝑡,𝑐⊥⊥, too. This matter is discussed in detail in [4] see p. 94ff but up to now the exper-
imental data is limited to (𝜎2, 𝜏21)-fracture curves which prove the following correction
for 𝑝𝑐⊥∥:

𝑝𝑐⊥∥ 𝑐𝑜𝑟
𝑝𝑐⊥∥

= 1 + 0.6 ⋅ △𝑚𝑎𝑥

𝑝𝑐⊥∥
(4.34)

for 0.15 ≤ △𝑚𝑎𝑥 ≤ 0.25 and 0.25 ≤ 𝑝𝑐⊥∥ ≤ 0.35

The remaining inclination parameters 𝑝𝑡⊥∥ and 𝑝𝑡,𝑐⊥⊥ stay unmodified for the time being.

The corrected strengths 𝑅𝑡
⊥ 𝑐𝑜𝑟, 𝑅

𝑐
⊥ 𝑐𝑜𝑟 and 𝑅⊥∥ 𝑐𝑜𝑟 on which a fracture analysis including

the 𝜂𝑚+𝑝-corrections has to be based are derived by

𝑅𝑐𝑜𝑟 =
𝑅

𝜂𝑚+𝑝

(4.35)

The 𝜂𝑚+𝑝-values in the denominator have to be calculated from the respective load cases
– uniaxial tension 𝜎𝑡⊥, uniaxial compression 𝜎𝑐⊥ and pure inplane shear 𝜏⊥∥ – by equa-
tions 4.32 and 4.33. The fact that the calculation of the 𝑓 ′

𝐸 𝐼𝐹𝐹 (𝜃)-values should already
be based on corrected strengths reveals a circular reference. In general this prohibits a
closed-form solution but the problem may easily be solved using contemporary numeri-
cal software.

Regarding the pure inplane shear case 𝜏⊥∥, such a procedure can be omitted due to the
fact that 𝜏⊥∥(𝜃) = cos(𝜃) ⋅ 𝜏21 is the only stress component on any action plane. Using
the standardised stress exposure in equation 4.32, the values 𝑅⊥∥ or 𝑅⊥∥ 𝑐𝑜𝑟 are of no
importance and 𝑆⊥∥ = 39, 24∘ exclusively results from the integration of the cosine shape
of 𝑓 ′

𝐸 𝐼𝐹𝐹 (𝜃) independent from the material. The result is the value 𝑅⊥∥ 𝑐𝑜𝑟 which exactly
meets the fracture condition 𝑓𝐸 𝐼𝐹𝐹𝑚+𝑝 = 1 for an applied inplane shear of 𝜏21 = 𝑅⊥∥.

The uniaxial compression case may be simplified accordingly: Using equation 4.6 and
assuming an unmodified 𝑝𝑐⊥⊥, the compressive strength 𝑅𝑐

⊥ remains the only material pa-
rameter and vanishes after the the standardisation (Eq. 4.29). Hence the value 𝑆𝑐⊥ depends
on 𝑝𝑐⊥⊥ only and is about 36∘ for the suggested values of 𝑝𝑐⊥⊥ (see Tab. 4.1). The result-
ing 𝑅𝑐

⊥ 𝑐𝑜𝑟 leads to 𝑓𝐸 𝐼𝐹𝐹𝑚+𝑝 = 1 for an applied 𝜎2 = −𝑅𝑐
⊥. Equation 4.6 provides the

associated 𝑅𝐴
⊥⊥ 𝑐𝑜𝑟.
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Only in the case of a uniaxial tension there are more than one mutually independent
material parameters relevant in equation 4.21 and the shape of 𝑓 ′

𝐸 𝐼𝐹𝐹 (𝜃) depends on
both, 𝑅𝐴

⊥⊥ 𝑐𝑜𝑟 and 𝑅𝑡
⊥ 𝑐𝑜𝑟 (assuming an unmodified 𝑝𝑡⊥⊥). However, using the 𝑅𝐴

⊥⊥ 𝑐𝑜𝑟

defined in the step above, an 𝑅𝑡
⊥ 𝑐𝑜𝑟 can be found which leads to 𝑓𝐸 𝐼𝐹𝐹𝑚+𝑝 = 1 for an

applied 𝜎2 = 𝑅𝑡
⊥. The 𝜂𝑚+𝑝-influence for this load case is expected to be rather small

and may be neglected if no adequate numerical software is at hand. In general it is highly
advisable to use the 𝜂𝑚+𝑝-corrections. Even if based on uncorrected material parameters
the IFF prediction including 𝜂𝑚+𝑝 will be more accurate than any analysis neglecting the
influence of micro-damage and probabilistics.

4.4 Puck’s IFF criteria and the Mohr’ circle

It has been stated that Puck’s Theory for IFF is based on Coulomb’s and Mohr’s fracture
criterion (see Sec. 4.2). In the following section the relation between Puck’s action plane-
related IFF criterion and Mohr’s perception of stresses is outlined.

The Mohr’s circle of stresses is a graphical approach to derive the stress components(
𝜎𝐴, 𝜏𝐴

)
acting on an arbitrary section 𝐴 due to applied plane stress (𝜎𝑥, 𝜎𝑦, 𝜏𝑥𝑦) (see

Fig. 4.11a). Figure 4.11c defines the relevant orientations and includes the principal
stresses associated with the applied load. It is these principal stresses, between which
the Mohr’s circle is spanned (c) but it may also be constructed by the following definition
of its centre and radius:

𝜎𝑀 =
1

2
(𝜎𝑥 + 𝜎𝑦) (4.36)

𝑟 =

√(
𝜎𝑥 − 𝜎𝑦

2

)2

+ 𝜏 2𝑥𝑦 (4.37)

Neglecting the 1-direction, the situation described above is equivalent to a lamina sub-
jected to the fibre-perpendicular stress components (𝜎2, 𝜎3, 𝜏23) (b) and thus the Mohr’s
circle also provides the possible combinations (𝜎𝑛, 𝜏𝑛𝑡) of all the relevant action planes
in a lamina (see Fig. 4.5). Transferred to the lamina the abscissa has the meaning of an
𝜎𝑛-axis and the ordinate of an 𝜏𝑛𝑡-axis. Interpreted in that sense, the Mohr’s circle asso-
ciated with a particular state of stress in a lamina may be combined with the illustration
of the Master Fracture Body (see Sec. 4.2.3). The Mohr’s circle lies in the 𝜎𝑛-𝜏𝑛𝑡-plane
of the MFB and serves as the basis for the additional shear components 𝜏𝑛1 (𝜃) following
equation 4.3. They are plotted as a vertical vector starting from the respective position on
the Mohr’s circle. The result is a closed curve in the (𝜎𝑛, 𝜏𝑛𝑡, 𝜏𝑛1)-space which represents
the set of possible stress combinations acting on all the action planes (see Fig. 4.12). As
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Figure 4.11: Plane stress state applied to a shell (a), fibre-perpendicular stress components
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Figure 4.12: MFB (black) with the set of possible stress combinations (grey) acting on an
action plane of a lamina due to applied compressive 𝜎𝑐2 together with positive 𝜏13.
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long as the complete curve lies within the MFB, the IFF criterion is not fulfilled and no
inter-fibre fracture occurs. Increasing the load, the orientation of the fracture plane 𝜃𝑓𝑝 is
defined by the first point of the curve which touches the MFB. In the present example this
happens at two points at the same time – at about 𝜃𝑓𝑝 = 90∘ ± 22.5∘.

The Mohr’s circle within the MFB also visualises why a lamina subjected to a pure com-
pressive 𝜎𝑐2 does not break at the action plane with the largest shear stress 𝜏𝑛𝑡𝑚𝑎𝑥 =

𝜏𝑛𝑡 (45
∘). Figure 4.13 shows the Mohr’s circle of a – at the beginning – small compressive

𝜎𝑐2 (grey) which is increased until the circle touches the master-fracture body at 𝜃𝑓𝑝 = 54∘

(black). Comparing the 45∘ and 54∘ action planes, it becomes evident that the decrease of
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Figure 4.13: Mohr’s circles (grey and black) of an increasingly applied compressive 𝜎𝑐2
touching the MFB at 𝜃𝑓𝑝 = 54∘. The stress exposure value 𝑓𝐸 𝐼𝐹𝐹 associated with the
grey stress state is related to the stress state at fracture.

fracture impeding compressive 𝜎𝑛 (see Sec. 4.2) is larger (i) than the decrease of fracture
promoting 𝜏𝑛𝑡 (ii). Accordingly the fracture occurs on a fracture plane 𝜃𝑓𝑝 > 45∘. This
example proves why the relation between Puck’s IFF criterion and the Mohr’s circle is re-
garded to be helpfull in the process of understanding specific results of Puck’s inter-fibre
failure prediction although the subject is not essential in terms of application.
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4.5 Confined laminae – the In-Situ Effect

When confined into a laminate, the lamina’s IFF strengths are observed to be higher than
measured in isolated UD laminae [90]. The lay-up configuration apparently obstructs
the development of Mode A and B cracks (see Sec. 4.2.4). While the effect itself is
indisputable, there is only little information on its quantity. Therefore in all the laminate
test cases (cases 8 to 12) the measured basic strengths are multiplied with the following
roughly estimated factors:

∘ Inplane transverse tensile strength 𝑅𝑡
⊥2: 1.35

∘ Inplane transverse/longitudinal shear strength 𝑅⊥∥21: 1.175

The transverse compressive strength 𝑅𝑐
⊥2 and the through-thickness strengths including

shear (𝑅𝑡/𝑐
⊥3 and 𝑅⊥∥31) are assumed to be unaffected. While the present implementation

accounts for different values for 𝑅𝑡
⊥2 and 𝑅𝑡

⊥3 (see Sec. 7.2.2) it enforces 𝑅⊥∥21 = 𝑅⊥∥31.
Furthermore, the present implementation does not yet distinguish between embedded and
outer plies, although it is known that the in-situ effect on outer plies is smaller if not
negligible. Taking into account the in-situ effect by increasing the strengths of materials
is another case where the given nonlinear stress-strain relations are exceeded as they end
at the original strengths. Thus the affected curves have been scaled in a self-similar way
according to section 3.1.2.

4.6 Application of Puck’s IFF criterion to special cases

4.6.1 Application to isotropic material

The fundamental difference between fracture of a UD-composite and an isotropic pure
matrix material is that in the latter case the fracture may occur in a plane at any orientation
(𝜃, 𝜑) (see Fig. 4.14). In a UD-composite fracture may only occur in planes parallel to the
fibres and thus one angle 𝜃 unambiguously defines possible fracture planes (see Fig. 4.5).

Therefore in the isotropic case, the stresses acting on an action plane are 𝜎𝑛(𝜃, 𝜑) and
𝜏𝑛𝜓(𝜃, 𝜑). Once these stresses are calculated from the applied stresses [91], the search
for the plane with the largest stress exposure may be performed using a slightly modified
formulation of the usual 𝑓𝐸 now depending on (𝜃, 𝜑):

In an isotropic material there are no different fracture resistances of the action plane
against the two shear stresses 𝜏𝑛1 and 𝜏𝑛𝑡 and accordingly 𝑅𝐴

⊥⊥ and 𝑅𝐴
⊥∥ can be replaced
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Figure 4.14: Definition of an arbitrary action plane.

by 𝑅𝐴𝜏 . That means that in the isotropic case just one fracture resistance of the action
plane against shear has to be derived from the measured strengths of the material. The
value for the isotropic fracture resistance against shear can be easily derived in the style
of equation 4.6 using the compressive strength of the material 𝑅𝑐:

𝑅𝐴𝜏 =
𝑅𝑐

2 (1 + 𝑝𝑐)
(4.38)

This approach is consistent with the fact that the transverse-transverse direction of a UD
lamina is its isotropic direction. Accordingly the proposed values of 𝑝𝑡,𝑐⊥⊥ [88] are used as
benchmark to define the only set of inclination parameters left 𝑝𝑡,𝑐⊥⊥ = 𝑝𝑡,𝑐⊥∥ = 𝑝𝑡,𝑐. If the
isotropic material behaves intrinsically brittle (see Sec. 4.2.2) the considerations which
led to the fracture resistance of the action plane against tension (see Eq. 4.4) are still valid
and 𝑅𝐴𝑡 = 𝑅𝑡. Otherwise 𝑅𝐴𝑡 is a parameter of the fracture criteria whose definition
demands more effort (see Sec. 7.2.1).

The interpolation for the inclination parameters in equation 4.23 is now obsolete and
with equation 4.1 the definitions of the stress exposure 𝑓𝐸(𝜃, 𝜑) (see Eqs. 4.21 and 4.22)
become:

𝑓𝐸(𝜃, 𝜑) =

√√√⎷[( 1

𝑅𝐴𝑡
− 𝑝𝑡

𝑅𝐴𝜏

)
𝜎𝑛(𝜃, 𝜑)

]2
+

(
𝜏𝑛𝜓(𝜃, 𝜑)

𝑅𝐴𝜏

)2

+
𝑝𝑡

𝑅𝐴𝜏
𝜎𝑛(𝜃, 𝜑) (4.39)

for 𝜎𝑛 ≥ 0 and

𝑓𝐸(𝜃, 𝜑) =

√√√⎷(𝜏𝑛𝜓(𝜃, 𝜑)
𝑅𝐴𝜏

)2

+

(
𝑝𝑐

𝑅𝐴𝜏
𝜎𝑛(𝜃, 𝜑)

)2

+
𝑝𝑐

𝑅𝐴𝜏
𝜎𝑛(𝜃, 𝜑) (4.40)

for 𝜎𝑛 < 0
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For the sake of simplicity we will assume in the following 𝑝𝑐 = 𝑝𝑡 = 𝑝.

The procedure above leads to a rotationally symmetric MFB (see Fig. 4.8a) with identical
longitudinal sections for any angle 𝜓. This representation equals the reduction of the
MFB to a Master Fracture Curve (see Fig. 4.8c) depending only on 𝜎𝑛 and 𝜏𝑛𝜓 as it was
stated for isotropic materials in the very beginning (see Sec. 4.2). It goes without saying
that in isotropic material neither the 𝑥1-direction does have the usual exceptional position
nor the FF criterion is of any significance.

The modified Puck’s IFF criterion for isotropic material has been applied to the test case
1 of the WWFE-II (see Sec. 7.2.1)

4.6.2 Application to not intrinsically brittle materials

While intrinsically brittle behaviour (see Sec. 4.2.2) may be assumed for most FRCs, a
pure matrix material as given in test case 1 of the WWFE-II (see Sec. 7.2.1) may require
further consideration. For MY750 the given shear strength 𝑅𝜏 = 54 MPa is considerably
lower than the given tensile strength 𝑅𝑡 = 80 MPa (see App. B.2). Applied shear stress
leads to a maximum tensile stress 𝜎𝑡𝑛 of equal magnitude on a section inclined by 45∘. So
if the given material was intrinsically brittle, then 𝑅𝜏 would be close or equal to 𝑅𝑡 and
this section would be the fracture plane. As this is obviously not the case here, fracture
is probably driven by a mixed-mode stressing (𝜎𝑛, 𝜏𝑛𝜓) on the fracture plane. Having
detected this behaviour for an applied pure shear stress, there is no reason to expect ex-
clusively 𝜎𝑡𝑛-driven fractures due to an applied uniaxial tensile stress – a mixed-mode
fracture on a section inclined against the action plane of the applied uniaxial tension will
probably occur. Thus equation 4.4 is no longer valid and there are now two unknowns,
mutually dependent model parameters to determine: 𝑝 and 𝑅𝐴𝑡.

As the calibration of the model demands the determination of two parameters, we use
those two given states of stress leading to fracture (𝜎𝑡 = 𝑅𝑡 and 𝜏 = 𝑅𝜏 ) which have
not yet been incorporated into any other relation (𝜎𝑐 = −𝑅𝑐 is already used in equa-
tion 4.38). For both cases it is possible to determine the set of value pairs (𝑅𝐴𝑡, 𝑝) where
the model exactly predicts the given failure stresses for uniaxial tension and pure shear
(see Fig. 4.15). The use of an analytical tool is the most efficient way to derive the pre-
sented chart [92]. Based on the parameters met by both curves (see Fig. 4.15), the results
of test case 1 are summarised in figure 7.1.
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Figure 4.15: Determination of the model parameters 𝑅𝐴𝑡 and 𝑝 in the case of not intrinsi-
cally brittle, isotropic material.

4.7 Puck’s fibre fracture criterion

Puck’s Theory clearly distinguishes between the two fracture types of a UD-lamina: Inter-
fibre fracture (IFF) and fibre fracture (FF). In an elementary approach those two cases are
treated with mutually independent criteria, where the FF criterion represents two simple
stress limits for the tension and compression mode (see Fig. 4.16).

tension compression

x^
x ,x1 ||

s||

t

s||

c

Figure 4.16: Fibre failure modes of a UD-composite, from [39].

By definition the lamina is treated as a homogenised orthotropic continuum, thus the stress
exposure 𝑓𝐸 𝐹𝐹 with regard to fibre fracture is defined as a ratio between homogenised
stress 𝜎1 in the lamina (not in the fibre) parallel to the fibre direction and the tension or
compression stress at fracture of the lamina in fibre direction 𝑅𝑡

∥ and −𝑅𝑐
∥ respectively

(see Eq. 4.41). Fibre fracture is predicted for any of the two values by 𝑓𝐸 𝐹𝐹 = 1. Please
note that all strength parameters are defined as positive values.
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𝑓𝐸 𝐹𝐹 =

⎧⎨⎩
𝜎1
𝑅𝑡

∥
for 𝜎1 > 0

𝜎1
(−𝑅𝑐

∥)
for 𝜎1 < 0

(4.41)

While these maximum stress criteria have been generally approved by extensive experi-
mental work [25] there are findings which suggest more sophisticated fibre fracture crite-
ria [5, 6]. Although this is an ongoing matter [4] see p. 16ff, there are applicable formulations
covering the influence of transverse – particularly compressive – stress [23] and shear [26]
whereas the former does have a significantly larger impact on FF. Analysing 3D states of
stress it is therefore highly recommended to account for the transverse effect in the fol-
lowing way:

The fundamental hypothesis for UD-laminae is [5, 6, 39]:
The maximum sustainable longitudinal stresses 𝜎1𝑓 acting in the fibres are the same
whether the FF occurs under combined (𝜎1, 𝜎2, 𝜎3) or uniaxial (exclusively 𝜎1) stresses.

In contrast the homogenised longitudinal stresses in the UD-lamina at FF do differ
whether combined or uniaxial stress is applied because the two cases lead to different
longitudinal stresses 𝜎1𝑓 in the fibre. The reason is that transverse stresses (𝜎2 and/or 𝜎3)
– due to a Poisson’s effect – do influence the strain in the fibre direction. The effect is
locally enlarged due to the inhomogeneously distributed stress in the matrix: Close to
the fibre, the transverse stress is higher than the homogenised value on the lamina-level.
Puck accounts for this stress magnification by the use of a magnification factor 𝑚𝜎𝑓 and
proposes the values 1.3 for GFRC and 1.1 for CFRC [25, 39].

The starting point for the corresponding analysis is the strain 𝜖1𝑓 in the fibres due to the
combined stresses (𝜎1, 𝜎2, 𝜎3):

𝜖1𝑓 =
𝜎1𝑓
𝐸∥𝑓

− 𝜈∥⊥𝑓
𝐸⊥𝑓

⋅𝑚𝜎𝑓 ⋅ (𝜎2 + 𝜎3) (4.42)

With
𝜈∥⊥𝑓
𝐸⊥𝑓

=
𝜈⊥∥𝑓
𝐸∥𝑓

and 𝜖1𝑓 = 𝜖1 (4.43)

the longitudinal stress in the fibres 𝜎1𝑓 is

𝜎1𝑓 = 𝐸∥𝑓 ⋅ 𝜖1 + 𝜈⊥∥𝑓 ⋅𝑚𝜎𝑓 ⋅ (𝜎2 + 𝜎3) . (4.44)

From equation 4.44 a new fracture condition can be derived. First 𝜖1 is replaced by the
elastic law of the UD-lamina

𝜖1 =
𝜎1
𝐸∥

− 𝜈⊥∥
𝐸∥

⋅ (𝜎2 + 𝜎3) , (4.45)
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then the fibre stress 𝜎1𝑓 by the fracture resistance of the fibre 𝑅∥𝑓

𝑅∥𝑓 = 𝐸∥𝑓 ⋅ 𝜖𝐹𝐹𝑓
and 𝑅∥ = 𝐸∥ ⋅ 𝜖𝐹𝐹

with 𝜖𝐹𝐹𝑓
=𝜖𝐹𝐹−−−−−−−−→ 𝑅∥𝑓 =

𝐸∥𝑓
𝐸∥

⋅𝑅∥ . (4.46)

The resulting FF condition for UD-lamina is:

1

±𝑅𝑡,𝑐
∥

[
𝜎1 −

(
𝜈⊥∥ − 𝜈⊥∥𝑓 ⋅𝑚𝜎𝑓

𝐸∥
𝐸∥𝑓

)
(𝜎2 + 𝜎3)

]
= 1 (4.47)

with

⎧⎨⎩𝑅𝑡
∥ for [...] ≥ 0

−𝑅𝑐
∥ for [...] < 0

The fracture function is homogeneous of grade 1 and thus can directly be understood as a
formulation for the stress exposure 𝑓𝐸 𝐹𝐹 of UD-lamina with regard to fibre fracture:

𝑓𝐸 𝐹𝐹 =
1

±𝑅𝑡,𝑐
∥

[
𝜎1 −

(
𝜈⊥∥ − 𝜈⊥∥𝑓 ⋅𝑚𝜎𝑓

𝐸∥
𝐸∥𝑓

)
(𝜎2 + 𝜎3)

]
(4.48)

with

⎧⎨⎩𝑅𝑡
∥ for [...] ≥ 0

−𝑅𝑐
∥ for [...] < 0

Please note that 𝜈⊥∥ and 𝜈⊥∥𝑓 are the major Poisson’s ratios of the UD-lamina and the
fibres, respectively. The first index denotes the direction of the lateral strain caused by the
stress acting in the direction of the second index.

Puck has found that in the case of plane (𝜎1, 𝜎2, 𝜏21)-stress, the results of equations 4.41
and 4.48 differ by only a few percent. However, the influence of transverse stresses on
FF can become important in the region of combined compressive 𝜎𝑐2 and 𝜎𝑐3 of similar
magnitude, where ∣𝜎2∣ and ∣𝜎3∣ can exceed the transverse compressive strength 𝑅𝑐

⊥ by a
factor of up to 4 [23] (see Sec. 7.2.2).



5 Post-failure degradation analysis

It has been stated earlier (see Sec. 2.2) that fibre fracture in one or more laminae is cur-
rently defined as the limit of application of the laminate. Consequently this chapter deals
with the successive damage evolution process beyond inter-fibre fracture.

In the context of post-failure analysis it is important to stress that Puck’s fracture criteria
predict layer-wise macroscopic failure. The stress exposure 𝑓𝐸 𝐼𝐹𝐹 = 1 denotes the state
of stress in a lamina where the first macroscopic crack through the entire thickness of the
respective lamina occurs (see Sec. 2.3). In the case of a lamina confined within a lami-
nate, reaching a lamina’s fracture condition is not equivalent with the disintegration of the
whole material and the state of stress is labelled as initial failure stress of a laminate. In
such a confined lamina a further increased applied load starts a successive damage evolu-
tion process in the form of a growing macroscopic crack density 𝛿 = 𝑡/𝑑 (see Fig. 5.1).
This goes along with the reduction of the lamina’s load carrying capacity and the process
is called degradation. The maximum bearable stress of a laminate is not reached before

a b

d

t

Figure 5.1: Macroscopic cracks in a glass fibre reinforced 0∘/90∘ laminate loaded in y-
direction (a) and the definition of the crack density in a degrading lamina (b).

the strongest lamina reaches its failure condition. The related state of stress is understood
as final failure stress of a laminate.

5.1 Stability of the damage evolution in a laminate

Within the laminate, the load which caused the lamina’s IFF may or may not be redis-
tributed to neighbouring laminae depending on the load case and the laminate’s stacking
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sequence. If a redistribution is possible, there will always be an equilibrium between the
further increased applied load and the decreasing load share of the degrading lamina to-
gether with the increasing load share of the neighbouring ones. This is the definition of
a stable damage evolution in a laminate. If no load redistribution is possible the abrupt
damage evolution due to an infinitesimally increased load will only be retarded by mi-
cromechanical supporting effects which are not covered by the present model. The result
is the unstable damage evolution in a laminate. Inplane load cases are generally expected
to produce stable damage evolutions. Exceptions are stacking sequences where all the
laminae are equally loaded and hence no load redistribution is possible. However there
is no chance to redistribute any through-thickness loads and/or shear to neighbouring
laminae. Thus any 3D load cases are generally expected to produce unstable damage
evolutions resulting in rapid final laminate failure after the occurrence of the first IFF.

5.2 Smeared crack representation

The smeared crack approach does not consider cracks as discrete, local discontinuities
but considers only their consequences in a continuum mechanical sense. The topological
description of the material stays the same before and after the occurrence of cracks – in
the present case as an orthotropic continuum. Its constitutive behaviour after the occur-
rence of cracks is homogenised over the sections of sound material between the cracks
and the cracks themselves. In the present case inter-fibre fractures lower the amount of
load which is introduced and hence carried by the respective lamina. The load has to
be transmitted between the sound section – i.e. over the cracks – via the neighbouring
laminae (see Fig. 5.2a). A laminate incorporating a damaged lamina will – under the
same load – deform stronger than the same laminate in a completely undamaged state.
Accordingly the consequence of the cracks in a continuum mechanical sense is a reduced
stiffness of the damaged lamina. The degradation process of a lamina due to an increasing
macroscopic crack density is hence reproduced in a smeared crack representation by the
reduction of the stiffness (see Eq. 5.1) in the way that both representations exhibit the
same constitutive behaviour. In the present example (see Fig. 5.2a), this means the same
elongation Δ𝑙/𝑙0 for a given load 𝐹 .

reduced stiffness = 𝜂 ⋅ original stiffness (5.1)

Now 𝜂 is the governing parameter for the degradation process in the smeared crack rep-
resentation. During the degradation process it goes down from the value 1 (no damage)
to 𝜂𝑅 = ]1; 0] (residual stiffness fraction at the saturated crack density). The reduction of
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the stiffnesses is then

reduction = 1− 𝜂 (5.2)

and starts from 0 (no damage) and increases up to 1− 𝜂𝑅.
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Figure 5.2: Discrete crack (a) and smeared crack representation (b) of a confined degrad-
ing lamina.

There are numerous approaches to correlate the density, form, size and position of cracks
with their effects on the stiffness [93], but the following degradation rules are exclusively
defined in the smeared crack representation of the degrading lamina. Hence it is important
for the development and validation1 to keep in mind that the degradation process is a
growth of crack density in reality, but neither the actual value of the crack density 𝛿 nor
possible correlations between the discrete and smeared crack representation do play a role
in this work.

5.3 Existing degradation procedures

It is obvious, that the amount of load beyond the IFF, the thereby generated crack density
and the according degradation parameter 𝜂 of the smeared crack representation are to
be correlated to define a valid material behaviour for a post-failure degradation analysis.
Keeping strictly inside the smeared crack representation, the detour via the crack density
may be omitted and the correlation between the amount of load beyond the IFF and the
degradation parameter 𝜂 or the resulting reduced stiffnesses is the remaining task of any
degradation rule.

1Does the model meet the reality?



80 CHAPTER 5. POST-FAILURE DEGRADATION ANALYSIS

5.3.1 Excessive IFF stress exposure

Early experiments with laminates loaded inplane (𝜎𝑦 and/or 𝜏𝑥𝑦) beyond IFF [39] led to
an empirical correlation between the applied load beyond the IFF and the degradation
parameter 𝜂 via the IFF stress exposure persistently calculated with original stiffnesses
(see Eq. 5.3). Calculating 𝑓𝐸 𝐼𝐹𝐹 with the unchanged original stiffnesses results in values
𝑓𝐸 𝐼𝐹𝐹 > 1 for load cases beyond an IFF.

𝜂 (𝑓𝐸 𝐼𝐹𝐹 ) =
1− 𝜂𝑅

1 + 𝑎 (𝑓𝐸 𝐼𝐹𝐹 − 1)𝜁
+ 𝜂𝑅 for 𝑓𝐸 𝐼𝐹𝐹 > 1 (5.3)

The definition (Eq. 5.3) results in 𝜂 = 1 for the onset of damage (𝑓𝐸 𝐼𝐹𝐹 = 1) and
converges against the residual stiffness fraction 𝜂𝑅 at the saturated crack density for
𝑓𝐸 𝐼𝐹𝐹 → ∞. Loading a laminate inplane, the laminae are subjected to transverse stress
𝜎2 and inplane shear stress 𝜏12 only. Hence only the transverse Young’s modulus 𝐸2 and
the inplane shear modulus 𝐺12 are available for degradation (see Eq. 5.4). It is obvi-
ous, that IFFs continue to transmit pressure 𝜎𝑛 < 0 over the crack edges hence there is
no reduction of the respective stiffness in these cases. In the early development stages
also the Poisson’s ratios were degraded but later experiments strongly suggested keeping
them constant [94]. Accordingly no Poisson’s ratio degradation is specified throughout
the present work.

𝐸𝑟𝑒𝑑
2 =

⎧⎨⎩𝜂 ⋅ 𝐸
𝑜𝑟𝑖𝑔
2 for tensile 𝜎𝑛 on the fracture plane

𝐸𝑜𝑟𝑖𝑔
2 for compressive 𝜎𝑛 on the fracture plane

(5.4)

𝐺𝑟𝑒𝑑
12 = 𝜂 ⋅𝐺𝑜𝑟𝑖𝑔

12

The mentioned original stiffnesses (index orig) which are used to calculate the exceeded
IFF stress exposure are the secant moduli at the IFF limit, thus the last valid secant moduli
in the case of a nonlinear constitutive material model (see Sec. 3.1.2).

Further experiments [95, 96] have revealed that reasonable parameters for equation 5.3
are 𝑎 = [0.95; 5.5] and 𝜁 = [1.17; 1.5] depending on the material. These studies also
suggest to reduce 𝐺12 less than 𝐸2. Using the excessive IFF stress exposure approach this
is implemented in equation 5.3 by different residual stiffness fractions 𝜂𝑅𝐸

= 0.03 and
𝜂𝑅𝐺

= 0.25 for GFRC or 𝜂𝑅𝐺
= 0.6 for CFRC [88]. The suggested values are equivalent

with the reduction of 𝐺12 by only 𝑘 = 77% for CFRC and 𝑘 = 41% for GFRC of the
reduction of 𝐸2:

𝐸𝑟𝑒𝑑
2 =

⎧⎨⎩𝐸
𝑜𝑟𝑖𝑔
2 ⋅ (1− reduction) for tensile 𝜎𝑛 on the fracture plane

𝐸𝑜𝑟𝑖𝑔
2 for compressive 𝜎𝑛 on the fracture plane

(5.5)

𝐺𝑟𝑒𝑑
12 = 𝐺𝑜𝑟𝑖𝑔

12 ⋅ (1− 𝑘 ⋅ reduction)
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It has been stated in earlier works that the approach has proven its applicability on a wide
range of materials and stacking sequences [4, 94]. However aiming on a completely 3D
failure and post-failure analysis, this approach is judged as strictly limited to inplane load
cases without the potential of being extended to 3D load cases. The approach completely
neglects that a stable damage evolution process requires and is governed by a load re-
distribution process. In the case of loads or stacking sequences leading to an unstable
damage evolution process or even for an isolated single lamina, the excessive IFF stress
exposure approach predicts an unrealistic, smooth degradation process of the damaging
laminae. The application of this method is restricted to the analysis of doubtlessly stable
damage evolution processes under inplane load.

Validity check

Puck’s Theory is a stress-based, layer-wise fracture criterion, it defines the maximum
bearable stress state in a lamina. Increasing the applied load beyond IFF there is no
reason why the laminate should be able to bear more stress, in fact it partly gets rid of its
load by a redistribution in the process of the reduction of stiffnesses and the associated
increase of strain. A degradation procedure which plausibly predicts this process enables
to associate any given state of strain in a lamina (beyond IFF) with the transmitted load
by the lamina or the state of stress in the smeared crack representation of the lamina,
respectively. However the procedure may not define a state of strain for an arbitrary high
amount of stress, because the stress-based fracture criterion defines a stress threshold,
beyond which the states of stress are just not bearable.

Applying the excessive IFF stress exposure approach to any given state of strain beyond
IFF, the original stiffnesses provide a state of stress based on which the IFF stress ex-
posure takes a value of 𝑓𝐸 𝐼𝐹𝐹 > 1. Equation 5.3 leads to a value of 𝜂 = ]1; 𝜂𝑅] and
equation 5.5 provides the reduced stiffnesses of the degrading lamina. The application of
these stiffnesses to the given state of strain leads to the associated state of stress in the
smeared crack representation of the degrading lamina. The excessive IFF stress exposure
approach also permits to assign a state of strain to any given state of stress beyond IFF.
At a given state of stress beyond IFF, the IFF stress exposure takes a value of 𝑓𝐸 𝐼𝐹𝐹 > 1,
equation 5.3 leads to a value of 𝜂 = ]1; 𝜂𝑅] and equation 5.5 offers the reduced stiffnesses.
Applying these stiffnesses to the given state of stress leads to the associated state of strain
in the smeared crack representation of the degrading lamina. This result is completely
unphysical and does not qualify the presented approach for a general application.



82 CHAPTER 5. POST-FAILURE DEGRADATION ANALYSIS

5.3.2 Constant IFF stress exposure

The constant IFF stress exposure approach overcomes the purely empirical nature of the
approach above and is based on physical and mechanical considerations [5, 6]. The ap-
proach conserves the meaning of the value 𝑓𝐸 𝐼𝐹𝐹 = 1 as a fracture criterion and is
in accordance with degradation procedures based on different failure criteria which also
postulate the failure criterion to be the degradation governing measure [97]. There is no
conceivable situation in which a sound lamina experiences an IFF stress exposure above
1. When the stress exposure of a lamina reaches this value an IFF occurs and therewith
the lamina gets rid of parts of its load by a redistribution or all of its load by separation,
respectively. In reverse the density of cracks emerging due to an increasing load beyond
the IFF permanently adjusts to that value at which the IFF stress exposure threshold of
𝑓𝐸 𝐼𝐹𝐹 = 1 is not exceeded. This means for the degradation process of a lamina, that
– at a given state of strain beyond IFF – the degradation parameter 𝜂 takes exactly that
value, for which the the resulting stresses generate an IFF stress exposure of 1. There is
no longer an analytical degradation rule like equation 5.3 but the amount of degradation
is defined by the threshold

𝑓𝐸 𝐼𝐹𝐹 = 1 = constant . (5.6)

For inplane load cases, the impact of the degradation on the respective stiffnesses defined
in equation 5.5 stays valid but the residual stiffnesses are no longer accounted for by resid-
ual stiffness fractions 𝜂𝑅. Now the impact of the degradation process on the respective
stiffness is stopped when it has reached its experimentally determined residual stiffness
value. The degradation process in the respective lamina is completed when – after a sta-
ble damage evolution process – a valid solution for 𝜂 can no longer be found. This is the
case after all the relevant stiffnesses have already been degraded down to their residual
stiffness values.

The approach meets the requirements of the validity check above (see Sec. 5.3.1). For any
given state of strain beyond the IFF the original stiffnesses result in 𝑓𝐸 𝐼𝐹𝐹 > 1 but there
will generally be a value of 𝜂 which reduces the stiffnesses and hence the stresses down to
the state where 𝑓𝐸 𝐼𝐹𝐹 = 1. For any given state of stress beyond the IFF there will be no
value of 𝜂 within its domain of definition [1; 0] which is able to generate 𝑓𝐸 𝐼𝐹𝐹 = 1. As a
result the approach does not provide a valid solution for unstable damage evolution where
the stresses in the laminae inevitably rise with an increasingly applied load beyond IFF.
Accordingly the approach is capable of identifying unstable damage evolution processes.
The approach has proven its capability and reliability in the WWFE-I inplane load cases
[5, 6] and it is implemented in the material subroutines in the present work (see Ch. 6). In
the course of the application there were however identified two problems of the method:
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Degradation locking in the case of fibre-perpendicular compression

Using equation 5.5 for the definition of the impact of the degradation on the respective
stiffnesses results in no valid solution for 𝜂 in the case of fibre-perpendicular compression
although compression in the y-direction might result in a stable damage evolution process
up to a certain point. Experimental experience however suggests, that inclined IFFs due
to inplane compression in the respective lamina (Modus C fractures, see Sec. 4.2.4) define
the limit of use of the laminate (see Sec. 2.3). The amount of load beyond the IFF, which
can be transmitted over the crack edges before the wedge effect leads to a sudden disin-
tegration of the laminate, is currently unpredictable. Accordingly such IFFs are classified
as non-tolerable fractures and no post-failure degradation analysis is started after such
fractures. There are currently no experimental results concerning the damage evolution
in a laminate subjected to compression in the z-direction. This kind of applied load is
expected to result in a crushing of the damaging lamina which is a mechanism far beyond
the capabilities of a continuum based smeared crack representation. Within the present
work aiming on macroscopic and physical (in contrast to empirical) material descriptions
such post-failure behaviour is classified as currently unpredictable.

Lack of adjustability to experimental results

Although the extremely limited availability of experimental degradation process data,
the lack of adjustability of the constant IFF stress exposure approach is identified as a
drawback. This becomes even more evident if the following theoretical aspect is con-
sidered: The applied threshold for the occurrence of further inter-fibre fractures during
the degradation process 𝑓𝐸 𝐼𝐹𝐹 = 1 is defined in the smeared crack representation of the
damaging lamina, but the actual crack presumably emerges in the centre of a sound sec-
tion of the lamina between two discrete cracks (see Fig. 5.2). Predicting fractures in the
sound sections of the discrete crack representation with a criterion based on the smeared
crack representation implies identical states of stress in both of them. Comprehending the
derivation of the reduced stiffnesses of the smeared crack representation (see Sec. 5.6.1)
identifies the approach above to be based on a reasonable but simplifying assumption.
Without further experimental or numerical investigations 𝑓𝐸 𝐼𝐹𝐹 = 1 = constant is an
acceptable degradation approach, but the enhancement described below (see Sec. 5.4)
prepares the degradation rule for future findings.
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5.4 Variable IFF stress exposure

The degradation rule described above (see Sec. 5.3.2) becomes adjustable to experimen-
tal findings if the threshold IFF stress exposure 𝑓𝐸 𝐼𝐹𝐹 , at which new inter-fibre fractures
emerge, is not constantly 1 but depends on the progress in the degradation process [98].
As the central degradation parameter is 𝜂, a linear dependence of 𝑓 𝑟𝑒𝑑𝐸 𝐼𝐹𝐹 (𝜂) is a straight-
forward ansatz. Now the degradation process has not only an impact on the stiffnesses
according to equation 5.5 but also on the bearable stress exposure of the lamina:

𝑓 𝑟𝑒𝑑𝐸 𝐼𝐹𝐹 = 𝑓 𝑜𝑟𝑖𝑔𝐸 𝐼𝐹𝐹 ⋅ (1− 𝑙 ⋅ reduction) = 1− 𝑙 ⋅ reduction (5.7)

Latest experiments suggest the bearable IFF stress exposure to decline in the course of the
degradation process. This finding is in accordance with theoretical aspects arising from
the smeared crack representation (see Secs. 5.2 and 5.6.1, particular Eq. 5.13). However
it has to be assured that the involved stiffnesses decline faster that the bearable stress
exposure – otherwise no valid solution for 𝜂 can be found. Without further experiments
the range for the impact factor 𝑙 is theoretically limited to ]0; 𝑘[ for inplane load cases
but more detailed information is currently not available. The question whether there is a
residual bearable IFF stress exposure or not is currently unanswered. Hence the variable
IFF stress exposure approach is not implemented in the material subroutines in the present
work (see Ch. 6).

5.5 3D degradation procedure

The existing degradation procedures have been developed, validated and calibrated for
inplane load cases. The aim of providing a comprehensive failure prediction for UD fibre-
reinforced laminates with complex geometries and under 3D load (see Ch. 1) requires the
development of a 3D post-failure degradation analysis even if it has been stated, that
through-thickness load and/or shear will in the majority of cases lead to unstable damage
evolution processes (see Sec. 5.1). The desired output of a 3D degradation analysis will
either be

∘ the reliable information that an unstable damage evolution process starts when ex-
ceeding the IFF criterion,

∘ or the 3D constitutive behaviour of a degrading lamina at any state of a stable dam-
age evolution process.
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If only the stable damage evolution process is to be analysed it is sufficient to define
those reduced stiffnesses, which influence the load redistribution process. If the structure
fulfils multiple purposes or is subjected to cyclic load (see Sec. 2.4) it is furthermore
important to know how the damaged structure behaves under a general load case which is
different from the one which produced the damage. This analysis task requires the full 3D
constitutive behaviour of the damaging lamina at any state during its degradation process.

The previous sections have outlined that a degradation procedure consists of two defini-
tions:

∘ The definition, how far a degradation process progresses due to an applied load
beyond IFF (see Eqs. 5.3, 5.6 or 5.7):
The application of the excessive IFF stress exposure approach disqualifies for the
3D case due to its disability to identify unstable damage evolution. The variable IFF
stress exposure approach is not even experimentally confirmed for inplane cases,
hence the constant IFF stress exposure approach is chosen to be the governing rule
for the 3D degradation procedure.

∘ The definition of the impact of the degradation process on the involved measures
(see Eqs. 5.4, 5.5 or 5.7):
In the 3D case there are significantly more stiffnesses available for a degradation
beyond IFF – 𝐸2, 𝐸3, 𝐺12, 𝐺13 and 𝐺23. The impact of the degradation process
on the respective stiffness is depending on the orientation of the IFF fracture plane
𝜃𝑓𝑝. Existing considerations on these dependencies [76] have turned out to be in-
complete but are the basis for the described development of the approach.

For the development of a fracture angle-dependent degradation rule the relevant question
is, which fracture plane orientation degrades which stiffness to which amount. The inves-
tigation is expected to be more efficient if the question is changed to:
Which are the two fracture plane orientations which have the most direct and the least
impact on the load bearing capacity of a lamina against the respective types of load?
The results are regarded to be transferable to the impact of the fracture plane orientation
on the degradation of the associated stiffnesses one-to-one. It has been stated earlier that
tension and compression are affected unequally by the degradation hence positive and
negative loads are treated separately. Regarding transverse tension (see Fig. 5.3) a frac-
ture plane orientation of 𝜃𝑓𝑝 = 0∘ is expected to have the most direct impact on the load
bearing capacity whereas a fracture at 𝜃𝑓𝑝 = 90∘ has no influence. In the case of through-
thickness tension it is vice versa and in the compressive cases no impact of any fracture
plane orientation on the respectice load bearing capacity is determinable.
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Figure 5.3: Basic fibre-perpendicular loads on a UD lamina: Fracture plane orientations
having the most direct (grey) and no impact (white) on the respective load bearing capac-
ity.

Regarding inplane shear (see Fig. 5.3) for both the positive and negative load a fracture
plane orientation of 𝜃𝑓𝑝 = 0∘ exerts the strongest influence on the load bearing capacity
whereas none is expected for 𝜃𝑓𝑝 = 90∘, for transverse shear it is vice versa. Among the

positive inplane shear

negative inplane shear

positive transverse shear

negative transverse shear

positive through-thickness shear

negative through-thickness shear

qfp = 0° qfp = 90° qfp = +45° qfp = -45°qfp = 0° qfp = 90°
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Figure 5.4: Basic shear loads on a UD lamina: Fracture plane orientations having the
most direct (grey) and no impact (white) on the respective load bearing capacity.

shear load cases only the through-thickness case shows directionality and for the positive
load the 𝜃𝑓𝑝 = +45∘ fracture plane and for the negative load the 𝜃𝑓𝑝 = −45∘ fracture plane
is expected to have the greatest impact because the applied load creates pure tension on
these action planes. The action planes 𝜃𝑓𝑝 = −45∘ in the case of positive and 𝜃𝑓𝑝 = +45∘

in the case of negative through-thickness shear transmit compression exclusively, hence
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there is no impact assumed on the respective load bearing capacity.

Transferred to stiffnesses the definition of the lower extremum is eased from no impact to
the least impact which results in a range for the orientation impact degradation measure 𝑛
from 1 (the most direct impact) down to 𝑛𝑚𝑖𝑛 = [1; 0] (the least impact). Without further
knowledge about the impact of IFFs between the identified extrema it seems reasonale
to use the trigonometric function 𝑛 = 𝐹 [cos (𝜃𝑓𝑝)] to describe the fracture orientation-
dependent impact of the degradation on the respective stiffnesses. The requirement for a
domain of values 𝑛 = [1;𝑛𝑚𝑖𝑛] , a periodicity of 180∘ and the abscissa adjustment by 𝜃𝑚𝑑
leads to

𝑛 =

[
1− 𝑛𝑚𝑖𝑛

2
⋅ cos [2 (𝜃 − 𝜃𝑚𝑑)]

]
+

1

2
+

1

2
𝑛𝑚𝑖𝑛 (5.8)

where 𝜃𝑚𝑑 defines the orientation where 𝑛 (𝜃𝑓𝑝) = 1 is required, hence the orientation
of the most direct impact. As long as no experimental results are available, a common
value of 𝑛𝑚𝑖𝑛 for all the stiffnesses close to 0 seems reasonable, the specific values of 𝜃𝑚𝑑
following figures 5.3 and 5.4 are summarised in table 5.1.

𝜃𝑚𝑑 𝐸2 𝐸3 𝐺12 𝐺13 𝐺23

𝑛𝑖 0∘ 90∘

𝑛+
𝑖𝑗 0∘ 90∘ +45∘

𝑛−
𝑖𝑗 0∘ 90∘ −45∘

Table 5.1: 𝜃𝑚𝑑 controlling the impact of degradation on the respective stiffnesses depend-
ing on the fracture plane orientation 𝜃𝑓𝑝.

The orientation impact measure 𝑛 (𝜃𝑓𝑝) weights the reduction of the respective stiffnesses:

𝐸𝑟𝑒𝑑
𝑖 =

⎧⎨⎩𝐸
𝑜𝑟𝑖𝑔
𝑖 ⋅ (1− 𝑛𝑖 ⋅ reduction) for tensile load in the 𝑖-direction

𝐸𝑜𝑟𝑖𝑔
𝑖 for compressive load in the 𝑖-direction

𝐺𝑟𝑒𝑑
𝑖𝑗 =

⎧⎨⎩𝐺
𝑜𝑟𝑖𝑔
𝑖𝑗 ⋅ (1− 𝑛+

𝑖𝑗 ⋅ 𝑘 ⋅ reduction) for positive 𝑖𝑗-shear load

𝐺𝑜𝑟𝑖𝑔
𝑖𝑗 ⋅ (1− 𝑛−

𝑖𝑗 ⋅ 𝑘 ⋅ reduction) for negative 𝑖𝑗-shear load

(5.9)

Please note that existing degradation rules (see Sec. 5.3.1) and literature [4] present the
normal stress 𝜎𝑛 transmitted over the crack edges as the relevant measure for the differ-
entiation between the two degradation cases in equation 5.9. Recent RVE studies (see
Sec. 5.6), however, suggest that this is exclusively valid and adequate for the definition of
the material behaviour regarding that specific inplane load case which produced the IFF
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and its further proportional increase. The RVE results have revealed, that the lamina’s
stiffness against through-thickness tensile 𝜎𝑡3 is influenced by a 45∘ IFF even if the lamina
is subjected to a larger transverse compressive 𝜎𝑐2 at the same time and thus compressive
𝜎𝑛 is transmitted over the crack edges. Until further experimental or numerical experi-
ence has been gained, 𝜎𝑛 is no longer recommended to be used as the relevant parameter
to distinguish between the two degradation cases. Regarding 3D load cases and aiming
on a general material description of a damaging lamina valid for any load case, the rele-
vant measure is expected to be orthotropic and the preliminary suggestion is included in
equation 5.9). Regarding the influence of the degradation process on the shear stiffnesses
the normal stress 𝜎𝑛 is no relevant parameter anyway. Without experimental experience
equation 5.9 is based on the consciously simplifying and distorting assumption of tangen-
tially frictionless crack edges which have the same effect on the shear load transmission
whether they are open or closed.

Please note that for the analysis of the degradation process it is sufficient to calculate the
reduced stiffnesses according to the actual load case. If the constitutive behaviour of the
damaged material due to an arbitrary load is to be analysed afterwards, it is necessary to
provide both sets of stiffnesses calculated for positive and negative load. The functions
𝑛 (𝜃𝑓𝑝) are to be regarded as a rough estimation which mainly aims on a numerically
sound post-failure degradation analysis. The actual influence of different IFF orientations
has been studied by means of a discrete representation of cracks within Representative
Volume Elements (RVE, see Sec. 3.5) in the following Section (see Sec. 5.6).

5.6 RVE-studies on a discrete cracks

The presented degradation rules including the trigonometric impact interpolation (see
Eq. 5.8) are not experimentally validated and widespread analytical and numerical inves-
tigations have been started. While latest investigations at the RWTH Aachen University
are approaching the problem by calibrating FEA smeared crack representations to exper-
imental results [94] the own investigations presented below are approaching the actual
mechanisms in a model representation. Virtual material tests by means of Finite Element
Analysis are run on Representative Volume Elements (RVEs, see Sec. 3.5) containing dis-
crete IFFs in varying orientations. The ongoing studies address the following questions:

∘ What is the homogenised constitutive behaviour of a degrading lamina depending
on the fracture plane orientation?
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∘ What is the homogenised constitutive behaviour of a degrading lamina depending
on the crack density?

∘ What is the homogenised constitutive behaviour at a saturated crack density (resid-
ual stiffness)?

∘ Are the proposed ratios between E and G degradation [88, 95, 96] valid in 3D space?

∘ Is the resulting homogenised constitutive behaviour still met by an orthotropic ma-
terial model?

∘ How far is the smeared crack representation acceptable in the degradation process?

∘ Is there an effective residual stiffness in the case of an unstable damage evolution
process?

The degradation of a lamina is only conceivable if it is confined between neighbouring
laminae. Virtual material test of a laminate containing a lamina with discrete cracks
between two undamaged laminae with known constitutive behaviour allow to conclude on
the homogenised constitutive behaviour of the damaging lamina. Within virtual material
test, the influence of different types of failure can be studies separately (see Sec. 2.2). In
the first studies the influence of a single inter-fibre fracture on the homogenised stiffness
has been investigated without the effects of micro-delamination at interlaminar interfaces
(see Sec. 2.2.3 and Fig. 2.3d, ii) or friction between closed crack edges. The investigated
RVE represents a 90∘/0∘/90∘ laminate made of the CFRC IM7 8551-7 (see App. C). Its
middle lamina contains an IFF with orientations of 𝜃𝑓𝑝 = 0∘, 15∘, 30∘, 45∘ and 54∘ (see
Fig. 5.5). The chosen dimensions of the cubical RVE represent a crack density of 𝛿 = 1/3.

x

z

y

qfp = 0° qfp = 15° qfp = 30° qfp = 45° qfp = 54°

Figure 5.5: RVEs of a 90∘/0∘/90∘ laminate containing the investigated fracture plane
orientations.
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5.6.1 Derivation of the equivalent stiffness of a damaging lamina

The homogenised constitutive behaviour of the smeared crack representation (see
Sec. 5.2) of the damaging lamina is defined by the fact, that the same load applied to the
laminate containing the discrete crack representation and containing the smeared crack
representation results in the same global deformation of the laminate and accordingly in
the same global deformation of the damaging lamina. The task is comparable to the deter-
mination of the equivalent stiffness of a structure (see Fig. 5.6a). Considering a structure

x

z

y

Fy

Fy

A*

Fy

Fy

A

Fy

Fy

A*

original geometry Ersatzsystem discrete crack representation

a b

global deformation
reference geometry

c

Fy

0°

Fy

90°

Fy

90°

V V

Figure 5.6: (a) Equivalent system for the derivation of the equivalent stiffness of a struc-
ture made of a single homogeneous material, (b) load distribution in a damaging laminate
and (c) exterior vertices of the damaging lamina for the determination of the global strains
(see Fig. 5.8).

– here an RVE – made of a single, homogeneous material, it is sufficient to relate the
force 𝐹𝑦 to the elongation Δ𝑙𝑦 to determine the equivalent stiffness 𝐸𝑠𝑢𝑏𝑠𝑡

𝑦 . The force 𝐹
is introduced into the RVE via the front surface 𝐴∗, but has to be transferred through the
entire RVE via all the x-z-sections 𝐴 hence

𝐹𝑦 =

∫
𝜎𝑦 𝑑𝐴 = constant for every section A. (5.10)

In the homogenised equivalent system there is a constant 𝜎𝑠𝑢𝑏𝑠𝑡𝑦 over a constant x-z-section
𝐴∗ hence

𝐹𝑦 = 𝜎𝑠𝑢𝑏𝑠𝑡𝑦 ⋅ 𝐴∗ . (5.11)

From equations 5.10 and 5.11 it becomes obvious, that 𝜎𝑠𝑢𝑏𝑠𝑡𝑦 equals

𝜎𝑠𝑢𝑏𝑠𝑡𝑦 =

∫
𝜎𝑦 𝑑𝐴

𝐴∗ (5.12)

and 𝜎𝑠𝑢𝑏𝑠𝑡𝑦 is most efficiently determined from the stress analysis of the original geometry
as the mean value of 𝜎𝑦 over the front surface 𝐴∗.

Considering a laminate, the applied force 𝐹𝑦 is only partly transmitted by the damaging
lamina (𝐹 0∘

𝑦 ) for which the equivalent stiffness is to be determined and partly by the
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neighbouring laminae (𝐹 90∘
𝑦 ). The relation between both fractions changes for different

x-z-sections in the discrete crack representation – for the section at which the IFF is
located, there is certainly 𝐹 0∘

𝑦 = 0 while 𝐹 90∘
𝑦 = 1/2 ⋅ 𝐹𝑦 (see Fig. 5.2a). The relevant

𝐹 0∘
𝑦 of the damaging lamina is no longer constant (no validity of Eq. 5.10) but changes

with the y-position. Accordingly the 𝜎𝑠𝑢𝑏𝑠𝑡𝑦 in the smeared crack representation of the
damaging lamina is no longer only a mean value over a single x-z-section but over all the
x-z-sections of the damaging lamina. These considerations are transferable to all types of
load and the resulting stresses (see Eq. 5.13).

𝜎𝑠𝑢𝑏𝑠𝑡𝑖 =

∫
𝜎𝑖 𝑑𝑉

𝑉
(5.13)

𝜏 𝑠𝑢𝑏𝑠𝑡𝑖𝑗 =

∫
𝜏𝑖𝑗 𝑑𝑉

𝑉

The resulting stresses are now ready to be related to the corresponding global deformation
to determine a constitutive behaviour of the smeared crack representation of the damaging
lamina. The global strains are derived from the relative motion of the exterior vertices of
the damaging lamina and related to its overall dimensions (see Fig. 5.6c). The inclined
fracture planes are destroying the symmetry planes which allow to reduce the generally
anisotropic material model to an orthothropic or even transversely isotropic description
of the sound lamina (see Sec. 3.1.2 and [99]see p. 173ff). The generally anisotropic material
model in Voight notation is⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜎1

𝜎2

𝜎3

𝜏12

𝜏13

𝜏23

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
= 𝐸 ⋅

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜖1

𝜖2

𝜖3

𝛾12

𝛾13

𝛾23

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
with 𝐸−1 = 𝑆 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝐶11 𝐶12 𝐶13 𝐶14 𝐶15 𝐶16

𝐶21 𝐶22 𝐶23 𝐶24 𝐶25 𝐶26

𝐶31 𝐶32 𝐶33 𝐶34 𝐶35 𝐶36

𝐶41 𝐶42 𝐶43 𝐶44 𝐶45 𝐶46

𝐶51 𝐶52 𝐶53 𝐶54 𝐶55 𝐶56

𝐶61 𝐶62 𝐶63 𝐶64 𝐶65 𝐶66

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (5.14)

Applying an individual load to the laminate makes a single virtual material test and the
discrete crack RVE offers six equivalent stresses [𝜎1 𝜎2 𝜎3 𝜏12 𝜏13 𝜏23] related to six global
strains [𝜖1 𝜖2 𝜖3 𝛾12 𝛾13 𝛾23] of the damaging lamina. Running a set of six virtual material
tests with mutually independent load cases – for example pure 𝜎𝑥, 𝜎𝑦, 𝜎𝑧, 𝜏𝑥𝑦, 𝜏𝑥𝑧 and
𝜏𝑦𝑧 one after the other – determines the 36 parameters of 𝑆 for a single fracture plane
orientation at a single crack density.

Comparison between stresses in the smeared crack and the discrete crack represen-
tation
From equation 5.13 it is evident that the equivalent stresses are mean values over sound
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sections of the damaging lamina and sections of discrete cracks (see Fig. 5.2). The stresses
close to a discrete crack are apparently lower than those in the sound sections of the lam-
ina and occasionally go down to zero in the actual crack section for certain load cases.
Accordingly the maximum stresses in the centre of a sound lamina area where the sub-
sequent IFF is likely to occur are higher than the equivalent stresses calculated for the
smeared crack representation. The discrepancy between both states of stress grows with
the number of crack sections included in the mean values, hence with a growing crack
density or with the progress of damage evolution in general. The problem can be tackled
by reducing the maximum bearable stress exposure 𝑓𝐸 𝐼𝐹𝐹 in the smeared crack represen-
tation to predict subsequent IFFs in the higher stressed sound areas of the actual discrete
crack representation (see Sec. 5.4).

5.6.2 Results of the RVE virtual material tests

Up to now it has not been possible to derive the general anisotropic material behaviour of
a damaging lamina depending on the fracture plane orientation and the crack density, but
first results have revealed the relations presented below.

Coupling between shear and normal deformation

The results confirm the perception that the homogenised material behaviour of a dam-
aging lamina should no longer be orthotropic. Starting from an orthotropic behaviour at
𝜃𝑓𝑝 = 0∘, with rising angles the compliance matrix 𝑆 shows an increasing unbalance and
growing values at the coupling positions of the matrix which are 0 for orthotropic be-
haviour (see Sec. 3.1.1). The results confirm the impression that inclined fracture planes
result in a behaviour where shear deformations produce normal and shear stresses or vice
versa. Figure 5.7a exemplary shows a through-thickness tension load case (𝜎𝑡𝑧) leading to
significant 𝛾23 in the damaging lamina and hence 𝛾𝑦𝑧 in the complete laminate.

Sensitivity against the algebraic sign of load

It has been stated that a compliance matrix is determined by the set of six mutually inde-
pendent virtual material tests, namely pure 𝜎𝑥, 𝜎𝑦, 𝜎𝑧, 𝜏𝑥𝑦, 𝜏𝑥𝑧 and 𝜏𝑦𝑧 one after the other.
It has been found that different combinations of positive and negative loads within a single
set result in different compliance matrices, hence there have been run four combinations
at each fracture plane orientation; tensile loads or compressive loads each with positive
and negative shear loads.
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X
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a b

i

Figure 5.7: FEA results: Pure through-thickness tension 𝜎𝑡𝑧 on an 𝜃𝑓𝑝 = 45∘ RVE leads to
a 𝛾23 deformation component (a), the stiffness against pure through-thickness compres-
sion 𝜎𝑐𝑧 is weakened by the crack due to the relative tangential motion of the crack edges
(b).

The difference of the resulting compliance matrices 𝑆 proves the sensitivity of the ma-
terial behaviour against the algebraic sign of load in general (see Sec. 5.3.1). The con-
siderations of section 5.5 regarding the different behaviour against positive or negative
through-thickness shear can be studied visually by means of the respective RVE results
(see Fig. 5.8). Particularly the results containing closed crack edges are promising regard-
ing future investigations including friction.

X
Y

Z

a b

g23

a

g23

b

Figure 5.8: FEA results: Positive through-thickness shear 𝜏 𝑝𝑦𝑧 on an 𝜃𝑓𝑝 = 45∘ RVE (a)
leads to a larger absolute value of global 𝛾23 (see Fig. 5.6c) than negative 𝜏𝑛𝑦𝑧 (b).
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Results concerning the orthotropic material model

Neglecting the coupling positions of the resulting compliance matrices 𝑆 which have to
be 0 in an orthotropic compliance matrix (see Sec. 3.1.1) and averaging the unbalanced
positions, the results of the discrete crack RVE are transferable to the impact of degrada-
tion on the common material parameters of an orthotropic material model 𝐸2, 𝐸3, 𝐺12,
𝐺13 and 𝐺23 (see Sec. 5.5). By means of these parameters related to the fracture plane
orientation (see Fig. 5.9) the analytical thoughts summarised in section 5.5 are reviewed
in the following.
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Figure 5.9: Orthotropic stiffnesses derived from the compliance matrices of different vir-
tual material test sets: (a) tensile loads and positive shear loads, (b) tensile loads and
negative shear loads, (c) compressive loads and positive shear loads and (d) compressive
loads and negative shear loads.

Looking at the reduced stiffnesses resulting from the four load sets (see Fig. 5.9a-d), the
orientation-dependent behaviour of 𝐺12 and 𝐺13 is equal in all the four cases (i). Hence
their insensitivity against the algebraic sign of the shear load assumed in section 5.5 is
confirmed by the RVE results. 𝐺23 behaves equally in both combinations comprising
positive shear (a and c) and in both combinations comprising negative shear (b and d)
hence it does behave sensitive against the algebraic sign of through-thickness shear load
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(see Fig. 5.9, ii). The same is the case for 𝐸2 and 𝐸3 which behave in the tensile (a
and b) load sets different from the compressive (c and d) ones (see Fig. 5.9, iii). The
results furthermore confirm that 0∘ IFFs have a large impact on𝐸𝑡

2 whereas𝐸𝑡
3 is basically

unaffected (iv). Accordingly these IFFs have the expected impact on 𝐺12 whereas 𝐺13 is
unaffected (v).

Figure 5.10 compares the orientation-dependent slope of the RVE results with the stiff-
nesses resulting from equation 5.9. The degradation measure 𝜂 has been adjusted to the
𝐸𝑡

2 (0
∘) so that the crack density of the RVE 𝛿 = 1/3 corresponds to a degradation

progress measure of 𝜂 = 0.678. The shear impact degradation measure 𝑘 has subse-
quently been adjusted to meet the 𝐺12 (0

∘) resulting in 𝑘 = 0, 755. This value is close to
0.77 proposed for CFRC in section 5.3.1.
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Figure 5.10: Comparison between the orthotropically reduced results of the RVE and the
prediction of the 3D degradation procedure (see Sec. 5.5): (a) Young’s Moduli and (b)
shear moduli.

The most obvious difference between the degradation rule and the RVE results is the
orientation-dependent behaviour of the compressive Young’s moduli (see Fig. 5.10a, i).
While 𝐸𝑐

2 and 𝐸𝑐
3 are unaffected by 0∘ IFFs, the assumption that the compressive Young’s

moduli 𝐸𝑐
2 and 𝐸𝑐

3 are generally unaffected by IFFs can be identified as strongly sim-
plifying by means of the RVE results at highter 𝜃 values. The reason is that the closed
crack edges do transmit the compressive 𝜎𝑛 furthermore, but the tangential load com-
ponent arising with a growing 𝜃𝑓𝑝 leads to a tangential motion of the crack edges (see
Fig. 5.7b, i). This goes along with the reduction of the effective transverse compressive
stiffness 𝐸𝑐

2 and the through-thickness compressive stiffness 𝐸𝑐
3 . The amount of this tan-

gential motion depends on the pressure on the crack edges and the friction between them.
The presented RVE results are based on a frictionless behaviour, accordingly the effect
of IFFs in the compressive stiffnesses is strongly overestimated here and as far as no ex-
perimental results are available, it is furthermore suggested to keep 𝐸𝑐

2 and 𝐸𝑐
3 constant
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during a degradation analysis.

In the case of 𝐸𝑡
3 and 𝐺13 the RVE results and the degradation rule prediction correspond

well. The orientation dependence of 𝐸𝑡
2 is however strongly overestimated by the predic-

tion in the examined range of 𝜃𝑓𝑝 = [0∘; 54∘] (see Fig. 5.10a, ii). A virtual material test
with an RVE containing a 90∘ crack proves that the slope of 𝐸𝑡

2 (𝜃𝑓𝑝) rises to its undam-
aged value there but the complete slope of the curve is currently unknown. In contrast to
through-thickness loads, inplane loads are not partly transmitted by sound areas (who’s
size depends on the fracture orientation) but the whole load has to be transmitted over the
crack by the neighbouring laminae no matter what the fracture plane orientation is (see
Fig. 5.2a). Being 𝜃𝑓𝑝 = 90∘ the only exception from this, such a slope is not sufficiently
predictable by equation 5.8 and further inquiries are necessary. The same is the case for
the slope of the stiffness against the second inplane load 𝐺12 (see Fig. 5.10b, iii). Cur-
rently it cannot be decided whether it is more accurate to run a post-failure analysis with
a 𝜃𝑓𝑝-independent 𝐸𝑡

2 and 𝐺12 which neglects the exceptional position of 90∘ cracks or to
use equation 5.8.

Looking at the shear moduli at 𝜃𝑓𝑝 = 0∘, the common 𝑘 value which is adjusted to𝐺𝑡
12 (0

∘)

results in good predictions for 𝐺23 (0
∘) and 𝐺13 in general (see Fig. 5.10b, iv). This sug-

gest to keep the proposed ratios between the degradation of Young’s and shear moduli (see
Sec. 5.3.1) unchanged for the 3D post failure degradation analysis. Although the slopes
of 𝐺23 generally differ between RVE and prediction (v), the different character of 𝐺+

23

and 𝐺−
23 is met by equation 5.9 and it can reasonably be used until further experimental

results become available.

Regarding the fibre-parallel 1-direction the RVE results prove that 𝐸1, 𝜈12 and 𝜈13 are
unaffected by any IFF orientation but 𝜈23 changes with different 𝜃𝑓𝑝 and even leaves the
common range [0; 0.5] for homogeneous materials. This is judged to be reasonable due
to the fact that here a continuum-based material model is used to describe the general
behaviour of an non-continuous structure. Without reasonable analytical thoughts (see
Sec. 5.5) however, there is currently no description of 𝜈23 (𝜃𝑓𝑝) suggested.

In summary the comparison between RVE virtual material test results and the 3D degra-
dation rule (see Sec. 5.5) document the general applicability of the presented rules. In
that context it is important to have in mind that the RVE itself contains significant sim-
plifications like the lack of friction between the crack edges. Furthermore the influence
of the constitutive behaviour of the two neighbouring laminae is completely unknown at
this time just as the influence of micro-delamination (see Sec. 2.2.3 and Fig. 2.3d, ii).
Generally the reduction of the compliance matrices to an orthotropic material model is
as arguable as the representation of the constitutive behaviour of a damaging lamina by
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such a continuum-based model itself. Accordingly the presented comparison is not rec-
ommended as the basis of any parameter fitting.

Studies on residual stiffnesses

After having reached the saturated crack density, a confined lamina is still transmitting
load (see Sec. 2.3). This fact is included in the smeared crack representation by resid-
ual stiffnesses which are constantly assigned to the damaged lamina after the degradation
process has reached the saturated level (see Sec. 5.3.2). Numerous experiments suggest
that the assumption of the saturated crack density at 𝛿 = 1 is a reasonable guess for a
majority of UD fibre reinforced 0∘/90∘ laminates under inplane tensile load independent
from their lamina thickness [100–102]. Although newer investigations revealed a signif-
icant dependence on load types and laminate stacking sequences [30, 103], the presented
discrete crack RVE has geometrically been adjusted to represent a 𝛿 = 1 crack density of
0∘ IFFs. Using the materials given in the WWFE-II (see Ch. 7) the results of the virtual
material tests with an applied tensile 𝜎𝑡𝑦 provide first information about the significance
of the numerical approach for the determination of residual stiffnesses (see Tab. 5.2).

Material
IM7 T300 A-S S2-glass E-glass

8851-7 PR-319 Epoxy1 Epoxy2 MY750
CFRC GFRC

𝜂
𝐸𝑡

2
𝑅 0.31 0.31 0.29 0.26 0.22

𝜂𝐺12
𝑅 0.67 0.77 0.69 0.83 0.83

Table 5.2: Results of a 0∘ RVE representing the crack density 𝛿 = 1: Residual stiffness
fraction 𝜂𝑅 .

It has been found, that in the present RVE geometry the maximum stresses in the damaged
lamina is below the IFF fracture criterion, thus the analysed crack density 𝛿 = 1 represents
a state of damage beyond the saturated crack density which will never be reached in
reality. Hence the resulting residual stiffness fraction values (see Tab. 5.2) are generally
suspected to be underestimated.

Keeping in mind that neither this RVE analysis includes micro-defects or micro-
delamination (see Sec. 2.2.3) nor it is known how close the actual saturated crack density
is to the assumed value 𝛿 = 1, it is less surprising that the values above do not corre-
late well with those determined experimentally (see Sec. 5.3.1 and [88]). The results do
confirm the finding, that the residual shear modulus fraction is higher that the residual
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Young’s Modulus fraction. The numerical 𝜂𝐸
𝑡
2

𝑅 however is ten times larger than the ex-
perimental value 0.03 from [88] which itself is the lowest value compared with numerous
other sources [100–103]. Looking at CFRC the 𝜂𝐺12

𝑅 values correspond well with the ex-
perimentally determined value of 0.6 but the lower experimental value for GFRC is not
numerically confirmed. Using the same RVE geometry only differing by the material’s
constitutive behaviour does not explain the experimentally determined difference between
CFRC and GFRC residual stiffnesses. As a result these two groups of materials are ei-
ther expected to differ due to a different evolution of those damage types which are not
included in the RVE or due to different saturated crack densities. Furthermore the influ-
ence of the constitutive behaviour of the neighbouring laminae is currently unknown and
a subject of further investigations.

5.7 Application-oriented summary

The current post-failure degradation implementation developed in this work (see Ch. 6) in-
cludes the constant IFF stress exposure approach 𝑓𝐸 𝐼𝐹𝐹 = 1 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 (see Sec. 5.3.2)
to govern the degradation progress represented by the degradation progress measure 𝜂.
The degradation’s impact on the different orthotropic stiffnesses of the damaging lamina
depends on the orientation of the IFF fracture plane and is implemented by the developed
3D degradation procedure (see Sec. 5.5). The reduced stiffnesses of the damaging lamina
result from the orientation impact measure 𝑛 applied to the respective original stiffnesses
(see Eq. 5.9) whereas 𝑛 (𝜃𝑓𝑝) (see Eq. 5.8 and Tab. 5.1) preliminary follows the results of
basic considerations (see Figs. 5.3 and 5.4). Their comparison with virtual material tests
(see Sec. 5.6) revealed an acceptable level of agreement which qualifies the developed
3D degradation routine for a general application for the time being. The residual stiffness
fraction values are currently taken from [88].

The implemented approach reliably results in an orthotropic lamina behaviour not only
valid for the load which led to the respective state of damage but for an arbitrary load case
with arbitrary combinations of positive and negative stress components. The approach
gives reasonable results for both stable and unstable degradation processes (see Sec. 5.1)
and identifies fibre-perpendicular compressive load cases leading to the hazardous wedge
effect or an unpredictable crushing by a degradation locking (see Sec. 5.3.2).



6 Implementation of Puck’s Theory in ABAQUS

The implementation of Puck’s fracture criteria and post-failure degradation rules com-
pletes the prediction capabilities of commercial FE packages regarding UD FRCs. The
available codes provide a large variety of element definitions for the representation of
laminates and laminate structures (see Sec. 3.3). The inter-laminar behaviour between the
respective laminae (delamination, see Sec. 2.2.4) is satisfactory representable by the pro-
vided interface elements which predict the separation onset and evolution. With the imple-
mentation of Puck’s Theory and its enhancements an FE analysis covers all macroscopic
and mesoscopic aspects of damage and damage evolution in UD FRCs (see Sec. 2.1).
Puck’s Theory meets FEA on the level of the material description. Whereas the pure fail-
ure analysis (see Ch. 4) may be accomplished in form of a post-processing of the stress
results, the presented failure and post-failure analysis (see Ch. 5) requires the presented
implementation within a subroutine for user-defined material behaviour UMAT [8].

6.1 Implicit and explicit FEA

The difference between an implicit or explicit FEA does not play a central role regard-
ing the FE-representation of laminates and laminate structures (see Sec. 3.3) whereas it
comes into play when a user-defined material is to be implemented. Puck’s Theory has
been developed and verified for nonrecurring, uninterrupted, slow loading processes with
applied combinations of proportionally increasing stress or strain components [4]. Ac-
cordingly Puck’s Theory predicts material behaviour in the quasi-static domain where
time and thus velocity or inertia do neither play a role nor are considered in the respec-
tive material models and the related analyses (in contrast to the dynamic domain). In the
context of nonlinear FEA the mentioned situation is generally related to an implicit solu-
tion of the equation systems. Accordingly the following section describes the generation
of a material user subroutine in the case of an implicit FEA in detail. However Puck’s
Theory is expected to be transferable to dynamic situations in which generally an explicit
solution approach is recommended. The difference between the implicit and explicit so-
lution strategy for differential equations is fundamental not only in terms of mathematical
approaches [104] but the appropriate choice is up to the user and significantly influences
the accuracy and the computational costs of an FEA. Note that explicit and implicit ap-
proaches are not exclusively attributed to dynamic or quasi-static situations respectively.
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Thus the integration steps are commonly referred to as time increments whereas its mean-
ing is tacitly reduced to load increments in the case of quasi-static analyses.

Both processes involve a numerical time integration scheme to solve for the unknown
displacement solution at the end of the respective time step. This solution is the basis
for the calculation of the resulting strains and stresses. Explicit integration schemes (e.g.
the Central Difference method [105]) assume a linear change in displacement over each
time step. They calculate the displacements at the end of the time step based on the state
variables – which include the material description in the case of damage analysis – at the
beginning of the time step. The updated state variables are then the basis for the calcu-
lation of the subsequent time step. The procedure corresponds to a linear extrapolation
based on the material’s tangent moduli (see Fig. 3.1) and – in dynamic situations – the
velocity and acceleration at the beginning of the time step.

Implicit integration schemes (e.g. the Newmark Forward Differencing method [106]) as-
sume a constant average load increase and – in dynamic situations – constant acceleration
over each time step. The governing equation is evaluated at the end of the time step
based on the actual state variables. The major difference between implicit and explicit
algorithms is that the implicit solution method requires a matrix inversion of the struc-
tural stiffness matrix, the explicit solution does not. However, unlike the implicit solution
scheme, which is unconditionally stable for large time steps, the explicit scheme is only
stable if the size of the time step is smaller than the critical time step size for the struc-
ture being simulated. The undamped critical time step size is 2/𝜔𝑚𝑎𝑥 (where 𝜔𝑚𝑎𝑥 is the
largest natural circular frequency), which is usually a very small value. This very small
time step size requirement for stability thereby makes explicit solutions recommendable
for short transient situations. But, even though the number of time steps in an explicit
solution may be orders of magnitude greater than that of an implicit solution, it may be
more efficient than an implicit solution since no matrix inversion is required. Neither an
implicit nor explicit solution is the clear winner in all cases.

Regarding the implementation of a degrading material behaviour the difference between
the explicit and implicit approach lies in the requirements for the material user subrou-
tine. Whereas the explicit approach eventually relies on the definition of the material’s
constitutive behaviour in terms of tangent moduli, there is no corresponding requirement
in the case of an the implicit approach. ABAQUS finds an acceptable implicit solution
by guessing a displacement field for the end of the respective time step (called attempt
within ABAQUS). Based on the actual constitutive behaviour associated with that guess
the solver evaluates whether the equilibrium equations are fulfilled within specified toler-
ances or not. If this is not the case the guess will be corrected. Both, the original guess
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and the corrections are based on the material’s Jacobian Matrix calculated at the end of
the past time increment or attempt. This matrix defines the change of the resulting stress
component increments depending on a change of each individual strain component in-
crements ∂△ 𝜎/∂△ 𝜖. It effectively includes information corresponding to the tangent
stiffnesses which means that in both cases their definition is inevitable. In the case of an
explicit approach the quality of the tangent stiffnesses definition directly determines the
accuracy of the results whereas in the implicit case it only influences the quality of the
guesses, i.e. it influences the process of solution convergence but not the solution itself.

6.2 User-defined material behaviour subroutine

The presented User-defined material behaviour subroutine (UMAT) is written for implicit
FEAs (see Sec. 6.1) and includes all the presented parts of Puck’s Theory for the fibre
fracture and inter-fibre fracture prediction (see Ch. 4), of the 3D degradation rule (see
Ch. 5) and the nonlinear material behaviour (see Ch. 3) unless otherwise stated in the
respective sections.

The task of the UMAT is to provide

∘ the particular state of stress for an input state of strain.

∘ the relevant parameters and state variables of Puck’s failure theory.

∘ the Jacobian matrix ∂△𝜎/∂△𝜖 for all stress/strain components.

The subroutine is provided with the strain at the beginning of the load increment
𝜖 𝑏𝑒𝑔𝑖𝑛 𝑖𝑛𝑐𝑟., the guessed strain increment for the current load increment Δ𝜖 𝑖𝑛𝑐𝑟. and the
degradation progress 𝜂 𝑏𝑒𝑔𝑖𝑛 𝑖𝑛𝑐𝑟. by the main program and follows a straight forward
structure to determine the associated stresses and failure or degradation parameters (see
Fig. 6.1). If the respective load increment is part of the failure analysis period 𝜂 = 1

(see Fig. 2.5), the stiffnesses are derived from given nonlinear stress strain relations (see
Sec. 3.1.2). If the respective increment is part of the post-failure period 𝜂 < 1, the reduced
stiffnesses are derived from the stiffness reduction process according to equation 5.9. The
resulting stresses are calculated based on the orthotropic material law (see Eq. 3.3). From
these stresses, the fibre fracture stress exposure 𝑓𝐸 𝐹𝐹 is derived (see Eq. 4.48) and a FF-
flag is switched on if appropriate. Then the IFF stress exposure 𝑓𝐸 𝐼𝐹𝐹 (see Eq. 4.24)
is addressed by the calculation of numerous 𝑓𝐸 𝐼𝐹𝐹 (𝜃), currently for 180 different val-
ues of 𝜃 (see Eqs. 4.21 and 4.22). The calculated 𝑓𝐸 𝐹𝐹 is then used to determine the
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Figure 6.1: Structure of the material subroutine for failure and post-failure degradation
analysis including the sequence of main procedures (boxed) and the propagation of re-
sulting measures (encircled).
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weakening effect 𝜂𝑤1 due to the fibre-parallel stress (see Sec. 4.3.1). The calculated stress
exposures of all action planes 𝑓𝐸 𝐼𝐹𝐹 (𝜃) are used to determine the weakening effect 𝜂𝑚+𝑝

due to non-fracture plane stresses (see Sec. 4.3.2). The result is in both cases an increased
𝑓𝐸 𝐼𝐹𝐹 . If its value is ≤ 1 at the end, the task of the subroutine is completed and the Jako-
bian matrix is determined by a difference quotient approach. In the case of 𝑓𝐸 𝐼𝐹𝐹 > 0

the degradation progress measure 𝜂 is decreased by a predefined increment or ratio and
the orientation impact degradation measures 𝑛𝑖𝑗 are calculated from 𝜃𝑓𝑝 (see Eq. 5.8). The
overall impact of the degradation on the respective stiffnesses is represented by stiffness-
specific 𝜂𝑖𝑗 values and the degradation loop is started. The degradation measure 𝜂 which
fulfils the 𝑓𝐸 𝐼𝐹𝐹 = 1 requirement is determined iteratively.

Figure 6.1 reveals that the failure analysis part of the subroutine (i) may be separated to
act as a pure post-processing for conventionally derived FEA stress results or even for
existing stress fields. Hence the application of Puck’s failure criteria requires a relatively
small adaption of common analysis procedures without the need for further theoretical
studies of FE solution approaches, material definition requirements and the associated
syntax of the respective software. The computational cost for the determination of the
stress exposure values is definitely small compared to the knowledge gain regarding the
analysed laminate or laminate structure. On the other hand, the implementation of Puck’s
Theory including degradation (see Fig. 6.1, ii) is a procedure which resides deeper inside
the FEA. Numerical matters like load increment size, determination algorithm for the
Jacobian, the degradation progress increments and numerical damping parameters have
to be adjusted carefully to ensure accurate results and acceptable computational effort
[107].

The presented subroutine contains two iterative parameter-determinations which is gener-
ally inefficient and complicates the application of Puck’s Theory within an explicit FEA
context. There the small time increments require the material subroutine to run extremely
often and iterative procedures are serious disadvantages. Accordingly there are current
attempts to express the 𝑓𝐸 𝐼𝐹𝐹 (𝜃𝑓𝑝) in a closed analytical form as already possible in
the case of inplane load [4]. The same is aimed for the determination of the degrada-
tion progress measure 𝜂 and – in the ultimate consequence – also for the Jacobian matrix
[108].





7 World Wide Failure Exercise II

After the World Wide Failure Exercise which addressed inplane failure and post failure
prediction of UD FRPCs [2], a second World-Wide Failure Exercise (WWFE-II) was
launched by Kaddour and Hinton [69], to assess the capability and maturity of current
3D failure criteria. In the exercise, the originators of composite failure theories were in-
vited to take part by agreeing to provide two papers (Part A and Part B) describing their
model and its correlation with test data. The organisers provided a set of 12 test cases
(see App. B.3) to challenge the current failure criteria, a set of material parameters (see
App. B.2) and a set of guidelines (see App. B.1). The author, after a personal consultation
with Puck, has accepted to participate as the exercise was seen to provide an opportunity
to illustrate the usefulness of Puck’s Theory and to validate its applicability to problems
involving 3D stresses [109]. The results presented below (see Sec. 7.2) are blind pre-
dictions based on the provided information. The generation of these results involves the
preparation of Puck’s failure (see Ch. 4) and post failure approaches for an unrestricted
three-dimensional use (see Ch. 5), the implementation into a powerfull FE stress analysis
environment (see Ch. 6) and the identification and solution of particular problems arising
from the individual load cases. This includes the considerations about 3D degradation
presented below before the actual test case results are discussed in section 7.2.

7.1 Degradation aspects of the WWFE-II

In order to ensure the unlimited 3D applicability of the developed approaches and analysis
tools, the whole work aims on general three-dimensional load cases, particular in terms of
post-failure degradation (see Ch. 5). However load redistribution from weaker to stronger
laminae is excluded in cases where any load has to be transmitted in through-thickness
direction of the laminate (𝜎𝑧, 𝜏𝑥𝑧 and 𝜏𝑦𝑧 namely) or where all the laminae are experienc-
ing equal stress exposures. In these cases a lamina can not dispose of any load reducing
its stiffness. From the numerical point of view the smallest further increase of the applied
load leads to an immediate increase of the crack density up to infinity. This process is
called unstable degradation (see Sec. 5.1). Neglecting damping or statistical effects, in
theses cases the curves of initial and final failure stress coincide.

After reaching the final failure stress there are laminate and load configurations which



106 CHAPTER 7. WORLD WIDE FAILURE EXERCISE II

allow a further deformation of the material at constant or declining applied loads before
it completely disintegrates. As Puck’s Theory is stress based on the one hand and the
definition of a complete disintegration is arguable on the other hand, there is no final
failure strain information provided in these cases.

A special case occurs for damage due to compressive 𝜎2 and/or 𝜎3 in a lamina because
the resulting cracks are still capable of transmitting compressive forces in the respective
directions. In these cases the lamina does transmit increasing applied stresses after ex-
ceeding the IFF fracture criterion up to a point where the laminate starts breaking due to
the wedge effect or starts crushing due to through-thickness compression (see Sec. 5.3.2).
Both effects are ruled by mechanisms on a microscopic level far below the capabilities
of a smeared crack representation and a continuum-based constitutive model. The ongo-
ing effort of covering such damage evolutions by granular media-based simulations [110]
has not reached a level of applicability to classify the processes as a predictable – hence
tolerable – damage evolution. As long as this is not the case the limits of application
are considered to be reached when the stress exposure in one or more laminae reaches
𝑓𝐸 = 1.

Regarding the WWFE-II none of the test cases meets the above mentioned requirements
for a reliably stable post-failure degradation. Where the test cases ask for failure stresses
(see test cases 8, 10 and 11, Secs. 7.2.3 and 7.2.3) the initial and final failure curve fol-
lowing the above definition coincide. Only a few load cases of test case 8 are considered
to reach a final fibre failure after an initial inter-fibre failure. In test case 9 (see Sec. 7.2.3)
all laminae are experiencing an equal stress exposure and in test case 12 (see Sec. 7.2.3)
the applied pressure 𝜎𝑧 leads to damage resulting from compressive 𝜎3 in the lamina.

7.2 Results of the WWFE-II test cases

The developed user-defined material subroutine (see Ch. 6) is employed to predict the re-
sponse of 12 test cases provided by the organisers of the WWFE-II. These test cases cover
pure, isotropic polymer material (see Sec. 7.2.1), unidirectional laminae (see Sec. 7.2.2)
and multidirectional laminates (see Sec. 7.2.3) made from glass/epoxy and carbon/epoxy.
The cases include full three-dimensional loadings including superposed shear. The details
of material properties, lay-ups and loadings as well as guidelines are described in [69] and
appendix B. The following presentation of the results is not only intended to prove the
applicability and versatility of Puck’s Theory and its implementation but it provides use-
ful examples for the understanding of the complex lamina and laminate behaviour and
the functionality of Puck’s Theory in particular. For this purpose every test case setup is
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visualised within the presented fracture curve and demonstrative aspects of the results are
interpreted.

The following results of the test cases have been obtained by applying the given stress
ratios in the sense of nominal values (see Sec. 3.6.1). This means that the applied forces
leading to the stresses are related to the undeformed geometry and are kept constant in
value and direction during the deformation while the area of application and/or the di-
rection of the material’s orthotropic axis will change. This results in differences between
the applied nominal stress value and the true state of stress in the deformed material (see
Sec. 3.6). Note that this is an assumption, not a requirement arising from the application
of FEA. Using FEA, the user is free to choose whether the load direction follows the
material rotation or not, whether the applied stresses are meant to be related to the unde-
formed or deformed geometry or else, to neglect all those effects and run a geometrically
linear analysis.

Regarding the presented fracture angles 𝜃𝑓𝑝 it is important to note that in all the load cases
the loads are applied symmetrically against the orthotropic axis of the failing lamina. In
these cases the action planes at 𝜃 and 180∘ − 𝜃 analytically experience the same stress
exposures 𝑓𝐸 𝐼𝐹𝐹 . Which of the two orientations is reported as 𝜃𝑓𝑝 depends on numerical
inaccuracies.

The analyses have been run using the following of the given material parameters [69]:
The orthotropic constitutive behaviour of every single UD lamina is characterised by its
homogenised Young’s moduli 𝐸1, 𝐸2 and 𝐸3, its shear moduli 𝐺12, 𝐺13 and 𝐺23 and the
three Poisson’s ratios 𝜈12, 𝜈13 and 𝜈23. The transverse and through-thickness moduli 𝐸2

and 𝐸3 (in the compressive domain) and the inplane and transverse shear moduli 𝐺12 and
𝐺13 are derived as secant moduli from the given nonlinear stress-strain-curves. Thermal
expansion is considered orthotropically by 𝛼1, 𝛼2 and 𝛼3. The necessary input for the
actual failure analysis is limited to few UD lamina strengths – the longitudinal tensile
and compressive strengths 𝑅𝑡

∥ and 𝑅𝑐
∥, the transverse tensile and compressive strength 𝑅𝑡

⊥
and 𝑅𝑐

⊥ (if different from through-thickness direction then 𝑅𝑡
⊥2, 𝑅

𝑐
⊥2, 𝑅

𝑡
⊥3, 𝑅

𝑐
⊥3) and the

inplane shear strength 𝑅⊥∥. Applying the advanced FF criterion (see Sec. 4.7) the fibres’
longitudinal Young’s modulus 𝐸⊥𝑓 and Poisson’s ratio 𝜈⊥∥𝑓 are needed additionally. The
rest of the parameters follow the default values [4, 88] and therefore are not considered as
input parameters.
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7.2.1 Homogeneous isotropic matrix test case

Test case 1

In test case 1 isotropic matrix material is subjected to varying combinations of 𝜎𝑦 = 𝜎𝑧

and 𝜎𝑥. For this particular test case, an isotropic adaption of Puck’s IFF criterion has
been developed (see Sec. 4.6.1). Additionally the given material has been identified as
not behaving intrinsically brittle which requires an elaborated parameter identification
procedure (see Sec. 4.6.2). In figure 7.1 there’s only one angle 𝜃𝑓𝑝 denoted defining the
orientation of the fracture plane while the second one 𝜑𝑓𝑝 is arbitrary. The prediction of
the second angle in space is impossible since the applied stressing is rotationally symmet-
ric around the 𝑥-axis and thus all sections rotated around that axis experience the same
stress exposure. In the case of 𝜎𝑥 = 𝜎𝑦 = 𝜎𝑧 (see Fig. 7.1, ii) both angles 𝜃𝑓𝑝 and 𝜑𝑓𝑝 are
arbitrary.
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Figure 7.1: Results of test case 1 (a) and close-up (b) indicating the orientation of the
fracture plane 𝜃𝑓𝑝 and the normal stress on the fracture plane 𝜎𝑛, results before (thin) and
after 𝜂𝑚+𝑝-correction (bold lines).

Looking at the results without 𝜂𝑚+𝑝-correction (thin lines) note that the tensile cut-off in
the first quadrant takes place at slightly higher stresses 82.67 MPa = 𝑅𝐴𝑡 than the given
tensile strength𝑅𝑡 = 80 MPa (see Fig. 7.1b, i). Apparently there do exist tensile fractures
which occur in the section of maximum tensile stress 𝜎𝑡𝑛 = 𝑅𝐴𝑡 although we have stated
that we are dealing with a not intrinsically brittle material here. The reason for this is the
proximity of these stressings to the hydrostatic situation towards which the shear stresses
𝜏𝑛𝜓 on arbitrary sections tend to zero.
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Including the 𝜂𝑚+𝑝-correction (see Sec. 4.3.2), the analysis has to be based on the cor-
rected values 𝑅𝑡

cor, 𝑅
𝑐
cor and 𝑝cor. As the fracture due to applied pure compression is

independent from 𝑅𝑡
cor and – in the present case – not very sensitive against the variation

of 𝑝, this case is used to calibrate the 𝑅𝑐
cor-value first. Then the values for 𝑅𝑡

cor and 𝑝cor

are calibrated according to the method described above (see Fig. 4.15). The corrected
values are 𝑅𝑡

cor = 95.5 MPa, 𝑅𝑐
cor = 123.71 MPa and 𝑝cor = 0.073. The resulting fracture

curve does no longer exhibit the completely unphysical sharp edge in the first quadrant
(see Fig. 4.10 and Sec. 4.3.2). Note that the 𝜂𝑚+𝑝-correction may lead to slightly higher
failure stresses in some cases.

7.2.2 Lamina test cases

Test case 2

microdamage
expected
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[ 
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Figure 7.2: Results of test case 2 for two different clamping situations: The fibre-
perpendicular side clamped allows fibre rotation, the fibre-parallel clamping prevents fibre
rotation.

The result of test case 2 (see Fig. 7.2) is the fracture curve of a UD carbon/epoxy lamina
for varied ratios of the applied shear stress 𝜏21 and normal stresses 𝜎1 = 𝜎2 = 𝜎3. Con-
tinuing through test cases 3 and 4 these cases address the effect of hydrostatic pressure
on the mechanical properties of a lamina [111]. In the tensile regime the applied state
of stress leads to transverse fractures due to tensile 𝜎𝑛 on the respective fracture plane.
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These fractures are promoted by additional 𝜏𝑛1 due to the applied 𝜏21. In the compressive
regime the equal amount of 𝜎2 and 𝜎3 excludes fractures due to 𝜏𝑛𝑡 on any action plane
(see Eq. 4.3). At the same time the bearable 𝜏𝑛1 rises with increasing compressive stress
𝜎𝑐𝑛 on the fracture plane resulting in a high amount of bearable 𝜏21 if it is combined with
high 𝜎2 = 𝜎3-values. For a decreasing ratio between 𝜏21 and compressive 𝜎1 = 𝜎2 = 𝜎3

the failure mode eventually changes to fibre fracture due to compressive 𝜎1. Using the
extended FF criterion (see Sec. 4.7), the lamina bears more compressive 𝜎1 than the given
longitudinal compressive strength 𝑅𝑐

∥ = 950 MPa. The according true FF stress is −1463

MPa, which is reached at the plotted nominal value of −1165 MPa.

Although having stated that a compressive 𝜎2 = 𝜎3 does not lead to an IFF according to
the application of Puck’s Theory, which predicts – by definition – macroscopic fracture,
there are experimental findings that micro-damage starts at 𝜎2 = 𝜎3 ≈ −2𝑅𝑐

⊥. This
conclusion has been drawn from acoustic emission studies [23], but the prediction of
these micro-defects merging to a macroscopic crack [110] is still a challenging task and
far beyond engineering application. Hence the corresponding thresholds are included (see
Secs. 7.2.2 and 7.2.2) for information only but there is the possibility that micro-defects
merge to macroscopic IFF before the predicted failures at high hydrostatic pressures may
occur.

The high amount of bearable 𝜏21 leads to a considerable change in fibre direction if per-
mitted by the applied boundary conditions. For the nominal hydrostatic pressure of −600

MPa the 𝛾21-results of test case 4 (see Fig. 7.4) provide the magnitude of the fibres’ ro-
tation. Rotations of that magnitude increase the discrepancy between applied nominal
stresses and the true stresses which the failure analysis is based on. Therefore the plot
shows the results for two different boundary conditions where either the (𝑥1, 𝑥3)- or the
(𝑥2, 𝑥3)-plane of the material is fixed in space. Regarding the FF, the bearable 𝜎1 slightly
increases with rotated fibres because now 𝜎1 is only partly acting in the fibre’s longitudinal
direction.

Note that in the present case of a geometrically nonlinear analysis the constitutive be-
haviour influences the stress results as they are derived from the deformed geometry (see
Sec. 3.6). As the bearable shear stresses are considerably above those bearable under a
pure 𝜏21-loading, the given nonlinear 𝜏21(𝛾21)-relation is exceeded. In such cases we have
proposed the use of a self-similarly scaled stress-strain relation (see Sec. 3.1.2). However
in the present case of rather small nonlinearities in the given 𝜏21(𝛾21)-relation the effort of
a separate iteration for every point on the fracture curve seems not rewarding, hence we
decided to step back to a linear 𝜏21(𝛾21)-relation for test case 2 and 3.
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Figure 7.3: Results of test case 3 for the two different clamping situations.

The result of test case 3 shows the 𝛾21-values of the fractures predicted for test case
2 in both clamping cases (see Fig. 7.3). The shown strain values are expected to be
slightly lower than if calculated following the iterative approach for nonlinear stress-strain
relations (see Secs. 3.1.2 and 7.2.2). This fact can also be discovered by comparing the
failure strains of test case 3 and 4 (see Fig. 7.3, i).

Test case 4

The result of test case 4 (see Fig. reffig:Case4) is a 𝜏21(𝛾21)-curve after the application
of a 𝜎1 = 𝜎2 = 𝜎3 = −600 MPa pre-load on the same lamina as used in case 2 and 3.
As stated above, the compressive 𝜎2 = 𝜎3 does not lead to any 𝜏𝑛𝑡 on either of the action
planes but leads to a constant compressive 𝜎𝑛 = 𝜎2 = 𝜎3 for any action plane orientation
𝜃.

As compressive 𝜎𝑛 adds a portion to the intrinsic fracture resistance of the action plane
against shear – here𝑅𝐴

⊥∥ is of importance only – the applied preload can be represented by
adding an induced fracture resistance 𝜎𝑛 ⋅ 𝑝𝑐⊥∥ to 𝑅𝐴

⊥∥ if analytically calculated. However,
in FEA it is no problem to include a load history and thus the existing routine needs no
modification. Both approaches result in a bearable shear of 𝜏21 = 252 MPa. In contrast to
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Figure 7.4: Results of test case 4, the clamping allows fibre rotation.

test case 3 we applied the iterative scaling of the 𝜏21(𝛾21)-relation for this particular load
case (see Sec. 3.1.2) and figure 7.4 shows the predicted nonlinear behaviour.

Test case 5

The results of test case 5 form a fracture curve of a glass/epoxy lamina for varied com-
binations of 𝜎2 and 𝜎3 = 𝜎1 (see Fig. 7.5). It is dominated by IFFs, fibre fractures only
occur close to the axis of hydrostatic pressure. The fact that the IFF part of the curve has
no discontinuities is due to the application of 𝜂𝑚+𝑝 (see Sec. 4.3.2 and Fig. 4.10). The
result figure includes a comparison between the simple FF criterion where only 𝜎1 is de-
cisive and the improved criterion (see Sec. 4.7). In the latter case the additional stresses
in the fibre due to the different Poisson’s ratios in the matrix and the fibre are considered,
thus the fibre fracture shows a dependence on the applied transverse stresses. The de-
pendence visible in the case of the simple FF criterion is due to geometric nonlinearities
only (see Sec. 3.6). The threshold for micro-damage is included for information only (see
Sec. 7.2.2) but points out the possibility that micro-defects merge to macroscopic IFF
before the predicted FF may occur.
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Figure 7.5: Results of test case 5 indicating the fracture angle 𝜃𝑓𝑝 [deg]: Comparison
between simple and extended fibre fracture criterion.
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Figure 7.6: Results of test case 6: GFRC.

Test cases 6 and 7

The results of test cases 6 and 7 are the fracture curves of a glass/epoxy and carbon/epoxy
lamina for varied combinations of 𝜎1 and 𝜎2 = 𝜎3 (see Figs. 7.6 and 7.7). These curves
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Figure 7.7: Results of test case 7: CFRC.

clearly show the effect of 𝜂𝑤1: The fracture resistance of the matrix declines with high
fibre-parallel 𝜎1 stresses applied (see Sec. 4.3.1). The curve is open in the negative
𝜎2 = 𝜎3-regime. As stated before, this stress combination cannot produce a fracture pre-
dictable by a macroscopic model (see Sec. 7.2.2). Accordingly, both branches of the curve
might be continued into 𝜎2 = 𝜎3 = −∞ but such an extension of the shown negative
𝜎2 = 𝜎3-regime does not provide any information about the expected failure. However,
we know from experiments [23] that these states of stress do result in microscopic damage
as soon as a value of −2𝑅𝑐

⊥ is exceeded. This is the case beyond 𝜎2 = 𝜎3 = −360 MPa
for test case 6 and −300 MPa for test case 7. The quantification of these effects and the
transformation into an applicable prediction approach is an ongoing issue (see Sec. 7.2.2).
In this context arises the question when the lamina fails under hydrostatic pressure. As a
compressive 𝜎2 = 𝜎3 does not produce a predictable macroscopic fracture, the longitudi-
nal compressive strength theoretically is the limiting parameter. This study reveals that an
action plane-related fracture criterion (here the IFF criterion) will not predict any failure
under hydrostatic pressure whereas a stress limit (here FF criterion) will. Accordingly
there is no prediction regarding the hydrostatic failure of test case 1 (see Sec. 7.2.1) as the
isotropic material is treated by the IFF criterion only. Whether – in the lamina test cases
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– the predicted FF is reached experimentally depends on how fast the growing micro-
defects merge to a macroscopic IFF beyond 𝜎1 = 𝜎2 = 𝜎3 = −2𝑅𝑐

⊥ [110]. This process
is expected to be highly dependent on the experimental setup.

Regarding the fibre fractures please note that the lines are not vertical – the reason is
the extended FF-criterion with its dependence on transverse stresses. The comparison
between the fibre fractures of test case 6 and 7 reveals a stronger dependence in the case of
glass fibre reinforced composites (see Fig. 7.6). This is the result of a larger magnification
factor 𝑚𝜎 𝑓 for GFRC (1.3) than for CFRC (1.1, see Sec. 4.7).

Regarding the fracture angle 𝜃 please note that in test case 6 there is a predicted value of
𝜃 = 90∘ although there is 𝜎2 = 𝜎3 both in nominal and in true stresses. This is the result
of the given through-thickness tensile strength which is lower than the transverse tensile
strength. The implemented routine is capable of differentiating between the two given
strengths 𝑅𝑡

⊥2 and 𝑅𝑡
⊥3 and calculates the valid tensile strength 𝑅𝑡

⊥(𝜃) depending on the
orientation of the respective action plane. This means that the calculation of the stress
exposure 𝑓𝐸(𝜃) on a plane oriented at 𝜃 = 0∘ is automatically based on 𝑅𝑡

⊥(𝜃) = 𝑅𝑡
⊥2

while that on a plane at 𝜃 = 90∘ is dealt with on the basis of 𝑅𝑡
⊥(𝜃) = 𝑅𝑡

⊥3. The definition
of 𝑅𝑡

⊥(𝜃) for an arbitrary orientation is done by an elliptical interpolation (see Eq. 7.1). In
test case 7 both strengths have the same value and the fracture angle becomes a random
value.

𝑅𝑡
⊥(𝜃) =

𝑅𝑡
⊥3√

1− 𝑎2 ⋅ cos2 𝜃 with 𝑎 =

√
𝑅𝑡

⊥2
2 −𝑅𝑡

⊥3
2

𝑅𝑡
⊥2

(7.1)

7.2.3 Laminate test cases

Test case 8

This test case deals with a symmetric ±35 glass/epoxy laminate where the ratio between
𝜎𝑥 = 𝜎𝑧 and 𝜎𝑦 is varied (see Fig. 7.8). The influence of residual stresses due to thermal
expansion is insignificant for most sections of the curve excluding those in the positive
𝜎𝑦-regime (see Fig. 7.9). Here the tensile residual stresses in 2-direction lower the load
carrying capacity of the laminate against the applied tensile load 𝜎𝑦 while the load carry-
ing capacity against 𝜎𝑧 stays unaffected.

The location of the first ply failure is arbitrary since all the laminae are experiencing the
same state of stress. While tensile 𝜎𝑧 excludes that any post failure degradation process
results in a higher bearable load (see Fig. 7.8, 1st and 2nd quadrant), for any other load
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Figure 7.8: Results of test case 8 indicating the orientation of the fracture plane 𝜃𝑓𝑝 [∘] in
an arbitrary lamina.
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Figure 7.9: Zoom of the results of test case 8 indicating the orientation of the fracture
plane 𝜃𝑓𝑝 [∘] in an arbitrary lamina.

case no load redistribution among the laminae is possible either. Where tensile 𝜎𝑦 leads
to tensile 𝜎𝑛 on the IFF plane (see Fig. 7.8, i), an unstable degradation process is expected
to begin where the remaining load carrying capacity results from known mutually sup-



7.2. RESULTS OF THE WWFE-II TEST CASES 117

porting effects of the successively disintegrating laminae [6]. This process is not covered
by our continuum-based smeared damage representation. In the remaining load cases
(mainly 3rd quadrant) we assume that the inclined IFFs are transmitting compressive 𝜎𝑛
like before the fracture. Such fractures are generally classified as non-tolerable IFFs due
to their wedge effect (see Secs. 4.2.4 and 5). Without being able to predict the quantity
of the resulting forces in thickness direction that promote local splitting or delamination,
it is evident that these are absorbed to a certain extent by the present compressive 𝜎𝑧.
Therefore figure 7.10 provides a final fibre-failure curve assuming that no splitting or
delamination occurs during the degradation process. During the degradation process the
relevant inplane shear moduli rapidly reduce to a defined residual value of 25% of the
initial value [4, 88].
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Figure 7.10: Test case 8: Initial inter-fibre failure and final fibre failure for those load
cases that result in compressive 𝜎𝑛 (residual stresses neglected).

Test case 9

The results show the deformation of the above lamina while increasingly loaded until
𝜎𝑥 = 𝜎𝑦 = 𝜎𝑧 = −100 MPa (see Fig. 7.11). Keeping this level for 𝜎𝑥 and 𝜎𝑧, the
compressive 𝜎𝑦 is further increased until fracture. The nominal fracture stress corresponds
to the according load case in test case 8 (see Fig. 7.8). It is judged unlikely that the small
amount of compressive 𝜎𝑧 absorbs the wedge effect (see Sec. 5.3.2) hence no degradation
process is started after inter-fibre failure.
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Figure 7.11: Results of test case 9.

Test cases 10 and 11

The two test cases deal with symmetric 0/90/ ± 45 (case 10) and 0/90 (case 11) car-
bon/epoxy laminates loaded with a varied ratio between 𝜎𝑧 and 𝜏𝑦𝑧 (see Fig. 7.12). The
fracture curves of both cases are identical, because it is the 0∘-ply which fails in both cases
while experiencing identical states of stress. It is remarkable that the influence of residual
stresses increases from no influence under pure tensile 𝜎𝑧-loading to its maximum under
pure compressive loading – always keeping in mind that there is no residual stress in the
material’s through-thickness direction! The residual stresses in the material’s 2-direction
do not influence the stresses on the fracture plane due to tensile 𝜎𝑧 at 𝜃𝑓𝑝 = 90∘. However
they do influence the stresses on a fracture plane at 𝜃𝑓𝑝 = 41∘ or 139∘ as it arises from
pure compressive 𝜎𝑧. In this case, the tensile residual stresses in 2-direction lower the
compressive stress 𝜎𝑛 on the fracture plane and consequently lower its fracture resistance
against 𝜏𝑛𝑡 (see Sec. 4.2.3).

Test case 12

The results show the deformation of the test case 11 laminate under compressive 𝜎𝑧 (see
Fig. 7.13). The result is based on the scaled 𝜎3(𝜖3)-relation presented in section 3.1.2.
While the deformation in z-direction enters the nonlinear regime after half the nominal
fracture stress applied, 𝜖𝑥 = 𝜖𝑦 stays in the linear regime until fracture. The fracture
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Figure 7.12: Results of test cases 10 and 11.
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Figure 7.13: Results of test case 12.





8 Conclusion and Outlook

The 3D work-over and verification of Puck’s Theory, the development of a three-
dimensional degradation rule and the implementation and application within a commer-
cial FEA package have gained significant knowledge in the field of 3D fracture analysis,
FEA and RVE application to UD fibre/polymer laminae, laminates and laminate structures
regarding the following aspects:

1. Stress analysis

∘ In terms of 3D stress analysis of laminates and laminate structures the use of nu-
merical FEA has turned out to be efficient and reliable enough to keep up with
any conceivable spatial extension to existing analytical methods (see Ch. 3). The
modelling of stacking sequences and laminate structures is convenient, efficient and
transparent in contemporary commercial FEA packages.

∘ An appropriate nonlinear constitutive model for UD FRCs is commonly not in-
cluded in commercial packages, particularly in the case of interactions between
transverse and shear deformation (see Sec. 3.1.3). The potential three-dimensional
adaption of an existing 2D approach covering these interactions has been rejected.
Its range of validity has turned out to be too narrow to cover the stronger interactions
in the case of 3D load and its stress-based character is inconvenient for the FEA
implementation. A self-simular scaling of the uniaxially determined stress-strain
relations has been developed instead and successfully applied to the test cases.

∘ The quality of stress analyses accomplished by the different approaches provided
by commercial FEA packages has been evaluated. An analytical solution by Pagano
which has been reconstructed and applied to a multi-layered laminate plate, serves
as reference (see Sec. 3.4). The comparison points out, that solid continuum el-
ements provide fully tree-dimensional stress results exclusively. Despite their ex-
traordinary high computational cost, they have been chosen as the basis of any
detailed three-dimensional failure analysis of laminae and laminates.

∘ For the determination of general laminate behaviour the Representative Volume
Element (RVE) approach provides homogenised laminate results without any un-
desired boundary effects (see Sec. 3.5). Applying periodic boundary conditions, the
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results represent the material behaviour of the entire laminate independent from its
lateral extensions.

∘ The ability of contemporary FEA packages to perform geometrically nonlinear
analysis is particularly valuable in the present case. When running a geometrically
nonlinear FE analysis the incremental load is applied to the deformed geometry.
Regarding UD composites this means that fibre rotations are considered in all the
results automatically (see Secs. 3.6 and 7.2.2).

∘ Regarding thermal residual stresses, the combination of Puck’s Theory and FEA
offers a complete decoupling of the failure analysis from that topic. The cooling
down process of the laminate is represented in a separate analysis step before the
outer load is applied. The following failure analysis needs no modification, whether
thermal stresses are considered or not (see Sec. 3.7).

2. Puck’s failure theory

∘ The physical and fracture mechanical basis and the spacial character of Puck’s fibre-
and inter-fibre fracture criteria have been thoroughly approved by the present work.
Where adaptions of the previously published relations have been made they are to
be attributed to the commonly inplane focussing of the model’s application, never
to two-dimensional restrictions of the actual theory (see Ch. 4).

∘ It has become evident that an applied 3D stress state may result in a significantly
larger number of highly loaded action planes than a two-dimensional problem will
ever be able to. Accordingly Puck’s 𝜂𝑚+𝑝-extension to Mohr’s fracture hypothesis
gains superior importance (see Sec. 4.3.2). It accounts for the stress exposures on
all the action planes by adding a portion to the stress exposure of the fracture plane.

∘ Despite the decided differentiation between fibre and inter-fibre fracture,
Puck’s Theory accounts for mutual influences between fibre-parallel and fibre-
perpendicular load. The 𝜂𝑤1-extension accounts for the influence of fibre-parallel
stresses on inter-fibre fractures. Thus a 𝜎1-loading close to the longitudinal strength
of a lamina significantly lowers its IFF resistance (see Sec. 4.3.1). The extended fi-
bre fracture criterion accounts for the influence of transverse and through-thickness
stresses on the fibre fracture. Both, the Poisson’s effects and the local stress con-
centration around the fibres, are included (see Sec. 4.7).
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∘ Originally developed for intrinsically brittle UD FRPC laminae, Puck’s Theory
turned out to be extraordinary versatile. Is has successfully been adapted to
isotropic, pure matrix material which does not behave intrinsically brittle in the
present case (see Secs. 4.6 and 7.2.1).

∘ In the 3D context it is emphasised that Puck’s Theory is capable of differentiating
between given strengths in the transverse and through-thickness direction. Within
the WWFE-II the routine accounts for the two given strengths 𝑅𝑡

⊥2 and 𝑅𝑡
⊥3 and

calculates the valid tensile strength 𝑅𝑡
⊥(𝜃) depending on the orientation of the re-

spective action plane (see Sec. 7.2.2).

3. Three-dimensional post failure degradation analysis

∘ Existing degradation processes have turned out to be insufficient for the applica-
tion withhin fully three-dimensional post-failure degradation analyses (see Ch. 5).
Having several Young’s moduli and shear stiffnesses available for degradation, the
appropriate 3D procedure has to be related to the fracture plane orientation.

∘ The degradation of a lamina confined within a laminate is a process based on load
redistribution among neighbouring laminae. The requirements for such a stable
degradation have been identified. The ability of potential degradation approaches
to differ between stable and unstable damage evolution has been judged to be the
main attribute (see Sec. 5.1).

∘ Based on analytical thoughts the angle-dependent impact of the degradation on the
different stiffnesses has been characterised (see Sec. 5.5). The approach is based on
the constant stress exposure hypothesis (see Sec. 5.3.2) and relates the reduction of
the relevant stiffnesses to the current fracture plane orientation.

∘ The developed approach has been validated by means of virtual material test. RVEs
of laminates containing discrete cracks were loaded in several directions to deter-
mine the homogenised material behaviour in the sense of a smeared crack repre-
sentation (see Sec. 5.6). The results have proven the basic applicability of the de-
veloped analytical relations until the general material behaviour depending on the
fracture plane orientation and the crack density will have been determined.

∘ The RVE-results have revealed, that an orthotropic material is insufficient to de-
scribe the constitutive behaviour of a successively damaging lamina. Couplings
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between shear and normal deformations have been identified as well as a sensitivity
against the algebraic sign of load (see Sec. 5.6.2).

4. Implementation into FEA

∘ The implementation and application of Puck’s action plane-related fibre and inter-
fibre fracture criteria in the frame of the commercial FE-package ABAQUS turned
out to be straightforward (see Ch. 6). Being a stress-based and three-dimensional
theory ab initio, the calculation of the stress exposures including the corrections
𝜂𝑤1 and 𝜂𝑚+𝑝 may be carried out within a simple post processing routine. This fact
qualifies Puck’s criteria for the application to conventionally derived or even already
existing FE analysis results for a large group of application-orientated users.

∘ Only if advanced problems like coupled nonlinearities or degradation processes
are to be included, more demanding extensions to the standard FE analysis are
necessary in form of a user defined material model.

∘ The present implementation takes into account nonlinear constitutive behaviour for
shear, transverse, and through-thickness compression. However, being subject to
combined compressive 𝜎2 and 𝜎3, the material bears much higher loadings than the
uniaxial experiments provide stress-strain relations for. As the interval of validity
of existing formulations has been exceeded by far, a self-similar scaling approach
has been developed (see Sec. 3.1.3).

∘ Regarding explicit FE analysis for dynamic situations, the currently iterative deter-
mination of the IFF stress exposure and the degradation measure has been identified
as a drawback.

5. Application

∘ Implementing Puck’s Theory into FEA has resulted in a consistent method for the
analysis of all 12 test cases (see Ch. 7). An identical user-defined material subrou-
tine has been applied to isotropic, lamina and laminate material and qualified for
the application on the specimen or structural level.

∘ Although being an action plane-related fracture criterion, it requires less experimen-
tally determined parameters than competing approaches. Puck’s Theory includes
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many additional parameters for adjustment purposes whose recommended values
are profoundly based on existing experimental data.

∘ Puck’s Theory predicts open IFF fracture curves in cases of equal compressive 𝜎2
and 𝜎3 (see test cases 1, 6 and 7, Secs. 7.2.1 and 7.2.2). Going along with the in-
tuitive imagination that such a combination will not be able to produce any macro-
scopic IFF, this load combination clearly excesses the capability of a macroscopic
model. It is known, when the micro-damage starts yet the speed at which these
nuclei merge to a macroscopic failure is expected to be strongly dependent on the
experimental setup and its prediction within a continuum-based model is highly
questionable. In the hydrostatic pressure case the fracture curves are closed by
predicted fibre fractures (see test case 5, Sec. 7.2.2).

∘ The three-dimensional load cases of the WWFE-II rarely enabled a stable degra-
dation process to start (see Sec. 7.1). The determination of the complete three-
dimensional constitutive behaviour of a damaging lamina is judged to be rather
important in the case of changing applied loads than for the analysis of a damage
evolution process due to 3D load.

The identified future issues are as widespread as the FEA failure analysis of UD FRCs
itself and concern various numerical and experimental fields. Regarding the pre-fracture
constitutive behaviour, the development of a sophisticated material model including three-
dimensionally interacting nonlinearities is an outstanding problem. Due to the expected
growing complexity of the material description the more efficient FE representation of
structures which are thin compared to their lateral extension becomes inevitable. In this
context the further negligence of through-thickness quantities is not acceptable for a de-
tailed failure analysis. The determination of the fracture angle-dependent homogenised
behaviour of a damaging lamina is an issue to both, the experimental and numerical field.
RVEs containing the discrete crack representation of a damaging laminate will be of great
value if their required periodicity is expanded from displacement to stress boundary con-
ditions. The general applicability of Puck’s Theory to complex geometries and load his-
tories will rise after closed solutions for the stress exposure and the degradation measure
have been derived as available for inplane load cases.

In summary Puck’s Theory turned out to be an promising failure and post failure predic-
tion approach in terms of three-dimensional application. It’s modular structure allows the
used-friendly implementation within FEA despite the fact that it is stress-based and the
degradation procedures rely on secant moduli. The presented results emphatically suggest
the use of Puck’s Theory within FEA. The present work reveals an extraordinary positive
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ratio between additional effort and additional knowledge about the failure and post failure
processes within the analysed lamina.



Appendix

A Derivation of the Pagano analytical solution

This appendix presents a condensed derivation of the Pagano analytical solution follow-
ing [36, 67] and [112]. The regarded laminate is loaded and supported following equa-
tion 3.11 and figure 3.5. It consists of several lamina (index 𝑖) which are stacked to-
gether in the positive 𝑧-direction. Each lamina extends in through-thickness direction
from 𝑧𝑏𝑜𝑡𝑡𝑜𝑚𝑖 to 𝑧𝑡𝑜𝑝𝑖 , the whole laminate from 𝑧 = −𝑡/2 to +𝑡/2. All the laminae behave
orthotropic but may be of different material and/or may be individually oriented. This re-
sults in an individual constitutive behaviour for each lamina following equation 3.3 with
individual stiffness matrices 𝐸𝑖, here in the Pagano notation:⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜎𝑥

𝜎𝑦

𝜎𝑧

𝜏𝑦𝑧

𝜏𝑥𝑧

𝜏𝑥𝑦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝐶11𝑖 𝐶12𝑖 𝐶13𝑖 0 0 0

𝐶12𝑖 𝐶22𝑖 𝐶23𝑖 0 0 0

𝐶13𝑖 𝐶23𝑖 𝐷33𝑖 0 0 0

0 0 0 𝐶44𝑖 0 0

0 0 0 0 𝐶55𝑖 0

0 0 0 0 0 𝑐66𝑖

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⋅

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜖𝑥

𝜖𝑦

𝜖𝑧

𝛾𝑦𝑧

𝛾𝑥𝑧

𝛾𝑥𝑦

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(A.1)

Though the relation above is lamina-related as equation 3.3, it is formed in the common,
i.e. global laminate coordinate system (see Sec. 2.1), thus here equation 3.4 is not appli-
cable without an appropriate transformation in the case of arbitrary lamina orientations
𝛽𝑖. Note that Pagano [67] uses a different order of the components in the Voight notation.
The following derivation is strictly layer-wise thus the layer-defining index 𝑖 is omitted
until further notice.

The kinematic relations are

𝜖𝑥 =
∂𝑢𝑥
∂𝑥

= 𝑢𝑥,𝑥 ; 𝜖𝑥 =
∂𝑢𝑦
∂𝑦

= 𝑢𝑦,𝑦 ; 𝜖𝑧 =
∂𝑢𝑧
∂𝑧

= 𝑢𝑧,𝑧

𝛾𝑦𝑧 =
∂𝑢𝑦
∂𝑧

+
∂𝑢𝑧
∂𝑦

= 𝑢𝑦,𝑧 +𝑢𝑧,𝑦 ; 𝛾𝑥𝑧 =
∂𝑢𝑥
∂𝑧

+
∂𝑢𝑧
∂𝑥

= 𝑢𝑥,𝑧 +𝑢𝑧,𝑥

𝛾𝑥𝑦 =
∂𝑢𝑥
∂𝑦

+
∂𝑢𝑦
∂𝑥

= 𝑢𝑥,𝑦 +𝑢𝑦,𝑥 .

(A.2)

Equation A.2 put into equation A.1 allows to form the derivations requested in the equi-
librium equation 3.10 and the result is a linearly coupled partial differential equations
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system (see Eq. A.3). The queried displacement field 𝑢 (𝑥, 𝑦, 𝑧) is a solution of the equa-
tions system, which currently depends on the stiffness matrix 𝐸 of the respective lamina
only.

𝐶11 ⋅ 𝑢𝑥,𝑥𝑥+𝐶66 ⋅ 𝑢𝑥,𝑦𝑦 +𝐶55 ⋅ 𝑢𝑥,𝑧𝑧 +(𝐶12 + 𝐶66) ⋅ 𝑢𝑦,𝑥𝑦 +(𝐶13 + 𝐶55) ⋅ 𝑢𝑧,𝑥𝑧 = 0

(𝐶12 + 𝐶66) ⋅ 𝑢𝑥,𝑥𝑦 +𝐶66 ⋅ 𝑢𝑦,𝑦𝑦 +𝐶22 ⋅ 𝑢𝑦,𝑦𝑦 𝐶44 ⋅ 𝑢𝑦,𝑧𝑧 +(𝐶23 + 𝐶44) ⋅ 𝑢𝑧,𝑦𝑧 = 0

(𝐶13 + 𝐶55) ⋅ 𝑢𝑥,𝑥𝑧 (𝐶23 + 𝐶44) ⋅ 𝑢𝑦,𝑦𝑧 +𝐶55 ⋅ 𝑢𝑧,𝑥𝑥+𝐶44 ⋅ 𝑢𝑧,𝑦𝑦 +𝐶33 ⋅ 𝑢𝑧,𝑧𝑧 = 0
(A.3)

The queried solution of equation A.3 has to satisfy the interlaminar stress and displace-
ment boundary conditions (see Tab. 3.2), the laminate displacement boundary conditions
(see Eqs. 3.12 and 3.13) and the following laminate stress boundary conditions:

𝜎𝑧

(
𝑧 = +

𝑡

2

)
= 𝑞0 (𝑥, 𝑦) ; 𝜎𝑧

(
𝑧 = − 𝑡

2

)
= 0

𝜏𝑥𝑧

(
𝑧 = ± 𝑡

2

)
= 𝜏𝑦𝑧

(
𝑧 = ± 𝑡

2

)
= 0

(A.4)

The following ansatz – one product term for each of the three orthogonal displacements –
fulfils all boundary conditions mentioned above [113]:

𝑢𝑥 = 𝑈(𝑧) ⋅ cos (𝑝𝑥) ⋅ sin (𝑞𝑦) = 0

𝑢𝑦 = 𝑉 (𝑧) ⋅ sin (𝑝𝑥) ⋅ cos (𝑞𝑦) = 0

𝑢𝑧 = 𝑊 (𝑧) ⋅ sin (𝑝𝑥) ⋅ sin (𝑞𝑦) = 0

(A.5)

with 𝑈(𝑧) = 𝑈∗ ⋅ 𝑒𝑠⋅𝑧 ; 𝑉 (𝑧) = 𝑉 ∗ ⋅ 𝑒𝑠⋅𝑧 ; 𝑊 (𝑧) = 𝑊 ∗ ⋅ 𝑒𝑠⋅𝑧

and 𝑝 =
𝜋

𝑎
; 𝑞 =

𝜋

𝑏

Differentiated and put into equation A.3 the resulting equation system defines the param-
eter 𝑠 introduced above:⎡⎢⎣𝐶11 𝑝

2 + 𝐶66 𝑞
2 − 𝐶55 𝑠

2 (𝐶12 + 𝐶66) 𝑝 𝑞 −(𝐶13 + 𝐶55) 𝑝 𝑠

(𝐶12 + 𝐶66) 𝑝 𝑞 𝐶22 𝑞
2 + 𝐶66 𝑝

2 − 𝐶44 𝑠
2 −(𝐶23 + 𝐶44) 𝑞 𝑠

(𝐶13 + 𝐶55 𝑝 𝑠 (𝐶23 + 𝐶44) 𝑞 𝑠 𝐶55 𝑝
2 + 𝐶44 𝑞

2 − 𝐶33 𝑠
2

⎤⎥⎦ ⋅

⎡⎢⎣𝑈∗
𝑉 ∗
𝑊∗

⎤⎥⎦ =

⎡⎢⎣00
0

⎤⎥⎦
(A.6)

The following simplified term leads to the solutions of 𝑠 which represent the eingenvalues
of the matrix in equation A.6:

−𝐴 ⋅ 𝑠6 +𝐵 ⋅ 𝑠4 + 𝐶 ⋅ 𝑠2 +𝐷 = 0 (A.7)

The abbreviations 𝐴, 𝐵, 𝐶, and 𝐷 result from a parameter comparison with equation A.6
and depend on the material parameters 𝐶𝑖𝑗 , 𝑝 and 𝑞 only, thus are constants for the respec-
tive lamina.
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By means of the substitution 𝛾 = 𝑠2 − 𝐵
3𝐴

equation A.7 becomes

𝛾3 + 𝑑 ⋅ 𝛾 + 𝑓 = 0 (A.8)

with 𝑑 = −𝐶
𝐴

− 1

3

(
𝐵

𝐴

)2

; 𝑓 = − 2

27

(
𝐵

𝐴

)3

− 1

3

𝐵 ⋅ 𝐶
𝐴2

− 𝐷

𝐴
.

In the case of 𝑓2

4
+ 𝑑3

27
< 0, which was the case for all composite materials analysed by

Pagano, the results for 𝛾 are

𝛾1 = 2 ⋅
√

∣𝑑∣
3

⋅ cos
(
Φ

3

)
𝛾2 = −2 ⋅

√
∣𝑑∣
3

⋅ cos
(
Φ

3
+
𝜋

3

)
𝛾3 = −2 ⋅

√
∣𝑑∣
3

⋅ cos
(
Φ

3
− 𝜋

3

) (A.9)

with cosΦ =
−𝑓√27

2
√∣𝑑∣3 .

After a re-substitution there are tree pairs of eigenvalues

𝑠𝑗 = ±
√
𝛾𝑗 +

𝐵

3𝐴
for 𝑗 = 1, 2, 3; 𝑠𝑗 ∈ ℜ, ℑ (A.10)

which may partly be imaginary. Now there is the basis on which the eigenvectors can be
formed whereas the procedure varies whether 𝑠𝑗 is positive and real, negative and real,
positive an imaginary or negative and imaginary. This is a lengthly algebraic procedure
which produces the solution for the queried displacement field by a linear combination of
the eigenvectors [112]. During this procedure it turns out that it is convenient to present
the solution based on

𝑚𝑗 =

∣∣∣∣𝛾𝑗 + 𝐵

3𝐴

∣∣∣∣ 12 for 𝑗 = 1, 2, 3 (A.11)

in combination with a case differentiation between 𝛾𝑗 + 𝐵
3𝐴

> 0 and 𝛾𝑗 + 𝐵
3𝐴

< 0 rather
than based on 𝑠𝑗 .

The displacement field of equation A.5 is now completely described by

𝑈(𝑧) =
3∑
𝑗=1

𝑈𝑗(𝑧)

𝑉 (𝑧) =
3∑
𝑗=1

𝐿𝑗 ⋅ 𝑈𝑗(𝑧)

𝑊 (𝑧) =
3∑
𝑗=1

𝑅𝑗 ⋅𝑊𝑗(𝑧)

(A.12)
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with
𝑈𝑗(𝑧) = 𝐹𝑗 ⋅ 𝐶𝑗(𝑧) +𝐺𝑗 ⋅ 𝑆𝑗(𝑧)
𝑊𝑗(𝑧) = 𝐺𝑗 ⋅ 𝐶𝑗(𝑧) + 𝛼𝑗 ⋅ 𝐹𝑗 ⋅ 𝑆𝑗(𝑧)

(A.13)

and

𝐶𝑗(𝑧) =

⎧⎨⎩cosh (𝑚𝑗 ⋅ 𝑧) for 𝛾𝑗 + 𝐵
3𝐴
> 0

cos (𝑚𝑗 ⋅ 𝑧) for 𝛾𝑗 + 𝐵
3𝐴
< 0

𝑆𝑗(𝑧) =

⎧⎨⎩sinh (𝑚𝑗 ⋅ 𝑧) for 𝛾𝑗 + 𝐵
3𝐴
> 0

sin (𝑚𝑗 ⋅ 𝑧) for 𝛾𝑗 + 𝐵
3𝐴
< 0

𝛼𝑗 =

⎧⎨⎩1 for 𝛾𝑗 + 𝐵
3𝐴
> 0

−1 for 𝛾𝑗 + 𝐵
3𝐴
< 0

(A.14)

and the lamina’s material specific constants

𝐿𝑗 =
𝑝 𝑞

𝐽𝑗

{
𝛼𝑗 𝑚

2
𝑗

[
𝐶33 (𝐶12 + 𝐶66)− (𝐶23 + 𝐶44) (𝐶13 + 𝐶55)− (𝐶12 + 𝐶66)

(
𝐶55 𝑝

2 + 𝐶44 𝑞
2
)]}

𝑅𝑗 =
𝑝 𝑚𝑗

𝐽𝑗

[
𝛼𝑗 𝑚

2
𝑗 𝐶44 (𝐶13 + 𝐶55)− (𝐶13 + 𝐶55)

(
𝐶66 𝑝

2 + 𝐶22 𝑞
2
)
+ 𝑞2 (𝐶23 + 𝐶44) (𝐶12 + 𝐶66)

]
𝐽𝑗 = 𝐶33 𝐶44 𝑚

4
𝑗 + 𝛼𝑗 𝑚

2
𝑗

[−𝑝2 (𝐶44 𝐶55 + 𝐶33 𝐶66) + 𝑞2
(
𝐶2

23 − 𝐶22 𝐶33 + 2𝐶23 𝐶44

)]
+
(
𝐶66 𝑝

2 + 𝐶22 𝑞
2
) (

𝐶55 𝑝
2 + 𝐶44 𝑞

2
)

.
(A.15)

The displacement field 𝑢𝑖 of the respective lamina 𝑖 now contains six free parameters 𝐹𝑗𝑖
and 𝐺𝑗𝑖 by which it is adjusted to the required boundary conditions. It is furthermore
defined by the lamina-specific parameters 𝑚𝑗𝑖 , 𝐿𝑗𝑖 , 𝑅𝑗𝑖 and 𝐽𝑗𝑖 and the lamina specific
parameter functions 𝐶𝑗𝑖 (𝑧) and 𝑆𝑗𝑖 (𝑧) (three values/functions each).

The stress components can now be derived by putting the displacement field into equa-
tions A.2 and A.1:

𝜎𝑥 (𝑥, 𝑦, 𝑧) = sin (𝑝𝑥) ⋅ sin (𝑞𝑦) ⋅
3∑
𝑗=1

𝑀𝑥𝑗 ⋅ 𝑈𝑗 (𝑧)

with 𝑀𝑥𝑗 = −𝑝 𝐶11 − 𝑞 𝐶12 𝐿𝑗 + 𝛼𝑗 𝑚𝑗 𝑅𝑗 𝐶13

(A.16)

𝜎𝑦 (𝑥, 𝑦, 𝑧) = sin (𝑝𝑥) ⋅ sin (𝑞𝑦) ⋅
3∑
𝑗=1

𝑀𝑦𝑗 ⋅ 𝑈𝑗 (𝑧)

with 𝑀𝑦𝑗 = −𝑝 𝐶12 − 𝑞 𝐶22 𝐿𝑗 + 𝛼𝑗 𝑚𝑗 𝑅𝑗 𝐶23

(A.17)

𝜎𝑧 (𝑥, 𝑦, 𝑧) = sin (𝑝𝑥) ⋅ sin (𝑞𝑦) ⋅
3∑
𝑗=1

𝑀𝑧𝑗 ⋅ 𝑈𝑗 (𝑧)

with 𝑀𝑧𝑗 = −𝑝 𝐶13 − 𝑞 𝐶23 𝐿𝑗 + 𝛼𝑗 𝑚𝑗 𝑅𝑗 𝐶33

(A.18)
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𝜏𝑦𝑧 (𝑥, 𝑦, 𝑧) = sin (𝑝𝑥) ⋅ sin (𝑞𝑦) ⋅
3∑
𝑗=1

𝑁𝑗 ⋅𝑊𝑗 (𝑧)

with 𝑁𝑗 = 𝑚𝑗 𝐿𝑗 + 𝑞 𝑅𝑗

(A.19)

𝜏𝑥𝑧 (𝑥, 𝑦, 𝑧) = sin (𝑝𝑥) ⋅ sin (𝑞𝑦) ⋅
3∑
𝑗=1

𝑇𝑗 ⋅𝑊𝑗 (𝑧)

with 𝑇𝑗 = 𝑚𝑗 + 𝑝 𝑅𝑗

(A.20)

𝜏𝑥𝑦 (𝑥, 𝑦, 𝑧) = sin (𝑝𝑥) ⋅ sin (𝑞𝑦) ⋅
3∑
𝑗=1

𝑄𝑗 ⋅ 𝑈𝑗 (𝑧)

with 𝑄𝑗 = 𝑞 + 𝑝 𝐿𝑗

(A.21)

Regarding a laminate consisting of 𝑛 layers, there are 6𝑛 unknown free parameters. The
displacement boundary conditions regarding the support (see Eqs. 3.12 and 3.13) are
fulfilled by the ansatz (see Eq. A.5) automatically, but there are six (6) laminate stress
boundary conditions (see Eq. A.4). According to table 3.2 each of the 𝑛− 1 interlaminar
interfaces provides three (3) displacement boundary conditions

𝑢𝑡𝑜𝑝𝑥𝑖 = 𝑢𝑏𝑜𝑡𝑡𝑜𝑚𝑥𝑖+1

𝑢𝑡𝑜𝑝𝑦𝑖 = 𝑢𝑏𝑜𝑡𝑡𝑜𝑚𝑦𝑖+1

𝑢𝑡𝑜𝑝𝑧𝑖 = 𝑢𝑏𝑜𝑡𝑡𝑜𝑚𝑧𝑖+1

(A.22)

and three stress boundary conditions

𝜎𝑡𝑜𝑝𝑧𝑖 = 𝜎𝑏𝑜𝑡𝑡𝑜𝑚𝑧𝑖+1
(A.23)

𝜏 𝑡𝑜𝑝𝑥𝑧𝑖
= 𝜏 𝑏𝑜𝑡𝑡𝑜𝑚𝑥𝑧𝑖+1

𝜏 𝑡𝑜𝑝𝑦𝑧𝑖
= 𝜏 𝑏𝑜𝑡𝑡𝑜𝑚𝑦𝑧𝑖+1

.

The sum of 6+ (𝑛− 1) ⋅ 6 boundary conditions allows the unambiguous determination of
the 6𝑛 free parameters of all the involved laminae.
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B WWFE-II test cases

B.1 Given Instructions

Excerpt of the original instructions provided for the WWFE-II:
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B.2 Given material parameters

Excerpt of the original instructions provided for the WWFE-II:
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B.3 Given load cases

Excerpt of the original instructions provided for the WWFE-II:
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C Material data of HexPly 8551-7 (IM7)

[𝑁/𝑚𝑚2] or [−]

𝐸1 165000
𝐸2 8400
𝐸3 8400
𝐺12 5600
𝐺13 5600
𝐺23 2800
𝜈12 0.34
𝜈13 0.34
𝜈23 0.5

Table C.1: Material data of HexPly 8551-7 (IM7) from [114] used for the Pagano analyt-
ical solution (see Sec. 3.4) and the RVE studies of discrete cracks (see Sec. 5.6).
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