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Abstract

The Puck fracture criteria for unidirectional fibre/polymer composites are widely
accepted for physically based prediction of failure and post-failure degradation
behaviour. The core of the theory, the inter-fibre fracture criteria, are criteria of the
Coulomb/Mohr type. Accordingly, the inclination of the fibre-parallel fracture plane —
in other words: the fracture angle — has to be determined in the first analysis step.
Afterwards the fracture stresses acting on the predicted fracture plane can be
determined. Since the theory has first been introduced continuous efforts have been
taken to reduce the computational cost of such two-step approach. Since 1996 a
closed analytical solution has been available for in-plane loadcases including

(o0,,0,,7, )-stress combination which are dominant in thin shells. During the
authors' participation in the World Wide Failure Exercise II now an analytical
solution for triaxial (o,,0,,0,7,;)-stress combinations has been derived. This

paper presents closed analytical solutions for fracture angles, fracture stresses and
stress exposure ratios useful for an efficient design process. Additionally, the
understanding of intrinsically brittle fracture has been significantly improved and a
mathematically and mechanically consistent classification of brittle behaviour is
provided.
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Notation

X,Y,Z
Xi5 Xy, Xy

Global coordinate system of a laminate
Coordinate system of a UD lamina, X, being fibre-parallel,

X, in through-thickness direction

Cylindrical coordinate system of a UD lamina, X being fibre-parallel

Coordinate system of an action plane, X, being fibre-parallel
Index denoting compression

Index denoting fibres/ figures

Stress exposure

Stretch factor

Index denoting fracture / fracture plane
Index denoting figures concerning fibre fracture / inter-fibre fracture
Magnification factor for matrix and transverse fibre stresses

Inclination parameter

Strength of the material

Fracture resistance of the action plane

Index denoting tension

Angle difference, see Fig. 7

Angle between an arbitrary action plane and the action plane of o,

Angle between an arbitrary action plane and the action plane of o,

Normal stress
Shear stress. Designation: first index represents normal to action plane
and the second represents the direction of the shear stress

Designation of Stresses

shear stresses 1,,:

a defines the normal
of the action plane

b defines the shear
stress direction

Fig. 1: Definition of the 3D direct and shear stresses in a UD lamina.



1 Introduction

Engineering composite materials have been the subject of interest in academia and
industry for several decades. However, it is only recently that they started replacing
conventional materials in primary structural assemblies. For instance, large rotor
blades made of composites are being built for offshore wind turbines around Europe
[1]. The Airbus A380’s wing box, being the most important part for transferring the
load between the wings and the fuselage, is made of fibre reinforced composite (FRC)
materials [2]. Also, the dreamliner’ Boeing 787, currently entering service, is the first
large civil airliner where the main structures of the fuselage, the wings and the tail
units are made of carbon/epoxy (CFRP) composites.

These great advances have been made possible by huge progress in manufacturing
techniques as well as the massive increase of computing power in the last two
decades. Along with being able to use more complex models, the components which
can be studied to predict the failure behaviour can also be a lot more detailed. Based
on the growing reliability of in-plane failure prediction [3] the application of FRC has
been extended to complex geometries including primary load transferring
components, resulting occasionally in 3D loading of the material. A safe design of
such materials and structures requires an efficient and reliable failure prediction under
general 3D states of stress. In that sense, the Puck Failure Theory has proven to meet
highest demands and is inherently three-dimensional already from the beginning of its
development [4].

The present paper starts with a brief overview of Puck’s fibre and inter-fibre fracture
criteria (see Sec. 2). Newly derived analytical solutions are then presented for some
typical three dimensional fracture analysis problems (see Sec. 3) and for the
parameter determination in case of non-intrinsically brittle material (see sec. 4).

2.  Essentials of the Puck Fracture Theory

2.1 Historical background

Half a century ago, in March 1961, a comparatively small sailplane designed by
Alfred Puck was launched into the air by a group of German students at the Darmstadt
Technical University [5]. Surprisingly, in spite of its low span length of 12.6m, the
DARMSTADT D-34d was able to compete with more sophisticated and expensive
sailplanes having 18m span length. This has been achieved by an extraordinary
smooth and accurate surface of the wing which featured a new low drag ‘laminar
profile’. It was the first time that the skin of a sailplane wing was designed as a pure
shell structure made of 0°/£45° GFRP laminate (Smm thick at the fuselage and 2mm
at the wing tip). The thin shell structure was filled with a stiff but very light
honeycomb core to prevent buckling [5]. The success achieved in the design of those
early composite structures is the basis and of a great significance for the present
work.Students of the technical universities of Stuttgart and Brunswick were also
working on high performance composite sailplanes. Thus, in the 1960s and 1970s,
there was a strong competition in this field. As a result, a small but successful
industrial section began to develop and build composite sailplanes. Since then and



over the years, Germany established a leading position in the worldwide supply of
high performance GFRP and CFRP sailplanes [6].

In the following some of the early sailplane designers became involved in research
and development of composite theory both in academic and commercial projects.
Puck has been a member of the German Plastics Institute at Darmstadt from 1960 to
1970. Together with H. Wurtinger he published papers on GFRP design and
dimensioning of GFRP-components [7, 8]. Obviously, the sailplane design activities
had a strong influence on the development of a ‘German style of composite theory’.
This influence can also be found in Puck’s failure theory until now. It successfully
combines the practical aspects of an engineering theory with the scientific approach
of a material science theory. The philosophy behind this approach follows the dictum
that one should understand and be able to answer the following three questions:

(a) Why does damage or failure take place?
(b) What happens during failure?
(c) How can failure be avoided and what measures should be taken to achieve that?

Already in his early phase of sailplane design Puck realised that fibre failure (FF) and
inter-fibre failure (IFF) must be treated by different criteria. Back in 1969 a simple
maximum stress failure condition for FF has been published [9,10]:

o
R_tl for o, > 0 (1)
and
O
foro; <0 (2)
(-R") 1

2.2 Refinement of the fibre failure criterion

We shall now investigate the question of possible influence of transverse stresses on
the longitudinal stress at fracture. As long as additional stresses o,, 05, 7,5, T3,
and/or 7,, remain about one order of magnitude lower than o, the simple criteria in
Egs. 1 and 2 are sufficient. However, if o, and/or o, reach values comparable to o,

this fibre-perpendicular stresses will have a direct effect on FF, which should be taken
into account.

Due to the different Poisson’s ratios of fibre and matrix (VH ¢ and Viim: respectively)

the fibre-perpendicular stresses produce internal stresses o) and o). in the fibre

direction. The term internal refers to the fact that o}, and o, compensate each other

and are not associated with any additional external load. Depending on the applied
loads, the o; either increases or decreases the fibre-parallel tension or compression

effective in the fibres and has an influence on the IFF accordingly. We therefore have
developed a more refined FF-condition on the following fracture hypothesis [6,7,8]:



Fibre fracture of a UD-composite under combined stresses will occur when in the
fibres the same longitudinal stress o, is reached which is acting in the fibres at an
FF of the UD-composite caused by uniaxial tensile stress o or a uniaxial
compressive stress o7, respectively.

This means that fibre-failure prediction of a UD-composite should rather be based on
the longitudinal stresses effective in the fibreo,; than on the fibre-parallel stress o,

of the composite.

The following considerations are based on the fact that fibres and matrix experience
the same strain in fibre direction under any loadcase. Under uniaxial stress o, of the

composite, the stress o, in the fibres at fracture of the UD-composite is given as:

+ RH” ¢

fr _
o =E

At FF under three-axial stress (o, ,0, and o) the longitudinal strain in the fibres is
equal to that of the whole UD-composite:

fr f
oVt )_G_J_%

m, (o, +o, (o, +0,) @)
E,.E, E E,

Tt

|t

m is the medium stress magnification factor of the transverse stress in the fibres due

to the inhomogeneity of the stress acting in the UD-composite in the transverse
direction (see Fig. 2). Estimated values for mUf are 1.1 for CFRP and 1.3 for GFRP.

1% 1% 1% 1%
Using SRt _CLdf and kLl , the fibre parallel stress at fracture alfr follows
E, E I E, E H

from Eq. 3 and Eq. 4:

E
f t/ I
0'1r :iRH ¢ +[vL —VJ_Hf —E ; m(yf }(02 +0'3) %)

E
1 can be replaced approximately by the volume fibre fraction, Vi of the
It

composite. Obviously, the magnitude of the sustainable longitudinal stress alfr

increases if the term (02 +03) has the same sign as o, and decreases if they have
opposite signs.



One could imagine that constant radial compression as produced by hydrostatic
pressure could impede kinking [11]. This should be investigated more thoroughly.
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Fig 2: Isochromatic lines in an epoxy plate with embedded aluminium rods demonstrate
stress magnification in those areas where transverse compressive load has to be

transferred through a chain of ‘soft’ resin area and stiff ‘fibre’ areas. (photo by Puck,

German Plastics Institute, Darmstadt, 1968).
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Remains the question if 7,, and/or 75, shear stresses also influence the fibre-parallel
strength RH . In this context it is worthwhile noting the results of recent experimental

research at the Institute for Plastic Processing in Aachen regarding whether or not
there is any influence of 7 fl -shear stressing on the longitudinal strength RH [12].

There appears to be a quite remarkable linear weakening effect of = 1 -shear stressing

on the longitudinal compressive stress o ™ (see. Fig. 3). However, these are

preliminary results and it is important to conduct further work in this area before a
reliable trend is established.
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Fig 3: Influence of 7y -stressing on longitudinal strength of UD-carbon/epoxy

composite [12].

2.3 Fundamental features of the theory of inter-fibre failure

During the 1960s and 70s a vast number of experiments involving various specimens
and components have been conducted. It has been observed that a large number of
inter-fibre fractures occur in the form of small brittle cracks long before the complete



disintegration of the component [10]. After investigating and assessing various
theoretical approaches we are now convinced that the ideas of Coulomb [13] and
Mohr [14] concerning brittle fracture should be the key to realistically and physically
based IFF fracture criteria, dealing with transversally isotropic fibre matrix
composites [14,15]. From the beginning it was obvious that this approach requires
additional computing time for the calculation of the fracture angle. However,
structural engineers will certainly be willing to put in more computational effort in
order to achieve a higher degree of reliability. For the last couple of years continuous
efforts have been taken to minimize this additional effort.

In brittle fractures macroscopically smooth fracture planes suddenly appear without
any preceding major local deformations. Coulomb and later Mohr have come to the
conclusion that such nearly smooth spontaneous fractures result from the tensile and
/or shear stresses on the fracture surface at the moment of fracturing. They have also
found that if a shear stress and a compressive stress are acting on the fracture surface
simultaneously, the shear stress required for producing the fracture increases with
increasing compressive stress. These fundamental hypotheses have been transferred to
transversally isotropic fibre matrix composites by the Puck fracture criteria.

Fig. 4: Definition of stresses 7., 7., 7,,0n a fibre parallel plane which is inclined to the
action plane of stress o, by an angle 6 .

Unlike in isotropic materials two shear stresses have to be considered for a fibre-
parallel plane, since their different directions in relation to the direction of the fibres
X, are of importance for the micro-mechanical fracture process. We find a shear stress

7, causing a 7, -stressing and a shear stress 7, causing a 7, -stressing (see Fig.

1]

4). In order to point out the analogy to the Coulomb/Mohr theory, the two shear
stresses — since they have the same action plane — can be replaced by their resultant

[4]:

_ |2 2
Z'm/, - Tnt+7n1 (6)



Thus the fracture hypothesis for inter fibre fracture (IFF) is described as follows:

Inter Fiber Fracture on a plane parallel to the fibers is governed by the stresses o,
and z,, acting on the fracture plane.

If o, is a tensile stress it promotes fracture together with the shear stress z,,, or

even alone if z,,=0. In contrast to that o, impedes fracture if it is a compressive
stress by raising the fracture resistance of the fracture plane against shear fracture
with increasing compressive stress o, . A uniaxial compressive stress alone cannot
produce a fracture of its action plane.

// Ellipse
— forc,=0 for \y = const—

Fig. 5: Master Fracture Body of the Puck inter-fibre fracture criterion.

Ellipse

When accepting an astonishingly simple fracture hypothesis on the Coulomb/Mohr
basis, one must also accept the associated considerations regarding the adequate
strengths which might appear unusual. Fracture criteria for combined stresses always
need some anchor points obtained in tests with simple loading conditions. For
conventional failure criteria which are often pure interpolation polynomials, tensile
strength, compressive strength, longitudinal shear strength, e.g., are used as
experimentally accessible anchor points. They are the points where the failure
envelope intersects the coordinate axes of the applied stress space. The situation is
quite different if we try to formulate action plane related fracture criteria of the

Coulomb/Mohr type. Starting from the hypothesis that the stresses o, 7., and 7,
representing a o\ -, 7, -and 7 1 -stressing in the lamina coordinate system, provoke

the fracturing of the joint action plane, the following question arises regarding the
anchor points of the respective fracture envelope: To which value of ¢} or 7, or



7y has each of the stressings in a uniaxial tensile or a pure shear test to be increased

in order to produce a fracture of the action plane? Thus, for a fracture criterion related
to the action plane of the stresses, one has to use fracture resistances R” of the action

plane as opposed to the conventional strengths R [4]. The fracture resistances of the

action plane are defined as follows:

A fracture resistance of the action plane is the resistance (expressed in the dimension
of a stress) by which an action plane resists its own fracture by a single stressing

(clorz,, or 7y ) acting in the action plane under consideration. Corresponding to

the three stressings, there are three fracture resistances of the action plane, namely

At A A
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Forthe plane t,; =0
Jor o, =<0 Jor ¢, =0
"13 4 2’,43 4 R, R, |2
(rm ) :LR _2_P_ R_Gn (rm ) :LR_ _2p_R_Gn ] A _2_P_ At Ty
R, R,
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Jor o, <0 Jor o, =0
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Fig. 6: Analytical relations defining the Puck inter-fibre fracture criteria.

Starting from the hypotheses of Coulomb and Mohr, now the basis exists for
formulating fracture criteria for inter-fibre fracture, using action plane related stresses

O, Tnt » Ty and as anchor points the corresponding fracture resistances R ft, R ﬁ and

RfH . The resulting fracture criteria can be very well visualised by the three-

dimensional Master Fracture Body in a (o, , 7, 7, )-space (see Fig. 5). According
to the fracture hypothesis the areas of the fracture envelope with o, compressive

stresses and the areas with o, tensile stresses on the fracture plane have to be treated

individually. For the master fracture body according to Puck, simple functions, i.e.
pieces of parabola and ellipse sections, are being used for analytically describing the



longitudinal sections which form the conture lines of the master fracture body (see
Table in Fig. 6).

When working with action plane related fracture criteria it is typical that the given
stresses (0, , O3, T3, T3, To;) Which have been specified in their material (X;, X,
X3 )-coordinate system, have to be transferred into the action-plane related (X, X,

X; )-coordinate system. Accordingly, the result of an action-plane related fracture

analysis is the (o, ", 7, ", 7,,")- stress state at fracture and the corresponding

fracture angle &g, . Based on these two results, the fracture stresses can be re-

transformed into the lamina coordinate system in order to serve a usual design

, g f f f f
process. Having calculated numerous individual values of (o, ", 03, 7,3 ', T3 »

Ty ™)-stresses at fracture, the results can be depicted as a three-dimensional fracture

body in the (0}, oy, 7, )-stress space [4] (see Fig. 7).
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Fig: 7: (o, oy, 7, ) fracture bodies depending on o, , o, (principal stresses

representing o,, o3, 7,;) and the parameter 6 (the angle between the action

planes of o,, and 7, which is the resultant of z,, and z;,). The segments of the

wl?

surface distinguish different fracture modes by different combinations of stresses o, ,

Tnt v Tnt

. i i i .o .
In order to determine the stresses o, ', 7 » 7 = at fracture, it is generally necessary

to determine the fracture angle by a numerical search first. In the whole space of
action planes from 6= —-90° to 8= +90° the stress exposure fz has to be calculated

10



for a reasonable number of inclination angles €. In this way the plane with the highest

stress exposure ratio fg, that means the potential fracture plane, is found and the

corresponding fracture angle &y, is used then to calculate the stresses o, ) Tht ) Tol fr

- fr_ fe _ fry fr _ f fr
at fracture. @y, is finally used to transform (o, ", 7 > 7o) into (0, ", 03, 7p5

fr fr
T3 5T )-

In the course of time, there has been some success in rationalising the cumbersome
process of numerical search of the fracture angle and the transformation between the
coordinate systems. For some states of stress general analytical solutions have been
developed replacing the process described above [16, 17]. In the present paper a
contribution has been made to a further rationalisation by developing general
analytical solutions for the fracture angles @, and the fracture stresses not only in the

(o, Tht» Tnp) Stress space but also in the (o, , 03, 7,5 ) stress space, see Sec. 3. This

is a good progress for the application but from the didactic point of view an important
part of the process — the temporary change of stress space - remains hidden when
using analytical solutions.

3. Analytical treatment of fractures caused by (o, o3,
To3)-Stress combinations

Despite the fact that failure criteria of the Coulomb-Mohr type are three dimensional
ab initio, their application has commonly been restricted to in-plane problems.
Accordingly the existing publications [15, 16, 17] of the fundamental analytical
relations concentrated on (0,, 0,, T,,)-stress combinations. Motivated by the
excellent performance of the developed numerical implementation of the theory [18,
19, 20], more convenient analytical solutions for (o,, o3, 7,;)- load cases have now
been derived.

— Mohr stress circle

------ fracture envelope:
master fracture curve

Fig. 8: Mohr’s stress circle and fracture curve for a (o, , 03, 7,;) load case.
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3.1 Analytical derivation of fracture curves for (o,, o3, 7,;)- load
cases

At first glance the application of a fracture theory following Coulomb [13] and Mohr
[14] appears to be rather straightforward due to the fact, that only three stresses (o,
T.» Ty ) and three corresponding fracture resistances of the action plane R™, R® ,
R fH are involved. However, before fracture stresses can be calculated by an action

plane-related fracture criterion, the plane which is closest to fracture has to be
identified. Its orientation angle is defined by &y, which is measured in

mathematically positive direction from the thickness direction X; to the X -axis
tangential to the fracture plane, or in other words from the action plane of o, to the
action plane of o, on the fracture plane. As fg - is a measure for the risk of

fracture, its highest value is associated with the fracture plane orientation angle 6, .

The basis of the analytical approach is formed by Mohr’s and Coulomb’s ideas which
are combined with Paul’s [21] considerations about intrinsically brittle materials as
well as his modification of the Coulomb/Mohr criterion by introducing tensile cut-
offs. The considered task is the determination of that plane, which — subjected to
increasing load — reaches its fracture condition first. Using the Coulomb/Mohr
approach, this mechanical stress to fracture challenge is transferred into a problem of

analytical geometry (see Fig. 8). A proportionally increasing (o,, 03, 7,;)- stress
state is represented by a Mohr stress circle in the (o, , 7, )-diagram, whose diameter

grows up to that state of stress where the circle touches the (o, , 7, )-fracture

envelope first. As a section through the complete inter-fibre fracture criterion, the
master fracture body (MFB, see Fig. 5) [4], this 2D-fracture envelope is referred to as
master fracture curve in the following. The contact point T between the Mohr stress

circle and the (o, , 7,)- master fracture curve denotes both the fracture plane

orientation angle ®, and the fracture stresses (anflr , z'rftr). The determination of the

contact point T is complicated by the fact that not only the diameter of the circle

changes with increasing load but also the position of its centre at 0.5( 0}, +0o,, ), see
Figure 8.

For simplification, the (o,, o3, 7,;)-stress state is characterized for the time being

by its two principal stresses O and o, , which are, strictly speaking, the external

normal stresses acting on those two mutually perpendicular fibre-parallel planes that
experience no shear stress. The parametric representation of the Mohr stress circle is
then

an(®)=l(0'” +O'|||)_(O'||| _O'u) cos (20) (7
2

T (0) = %(GIII — Oy )sin(2®) )

12



where every point on this circle belongs to a fibre-parallel plane in the UD lamina,
inclined by the angle ®. It is very important to realise that in Eqs. 7 and 8 the
orientation of the fracture plane is not given by the angle 6y, which defines the
inclination of the action plane against the action plane of an applied o, . Egs. 7 and 8
are defined in principal stresses instead, accordingly the orientation ®, is measured

between the action plane of the principal stress 0}, and the fracture plane.

The master fracture curve, up to which the circle may grow while moving its centre, is
defined as a parabola in the o, < 0-domain [4]:

A fr

(Tnftr )2 = (RLAL )2 -2p, Rio, 9

In the case of o, > 0, the master fracture curve is chosen as an ellipse:

(rnf{ )2 :(Rfl )2 ~-C, o -C, (an” )2 (10)

A R} ’ RA
where C,=2p, R/, and sz[%] _2p¢¢—J]¢
R/ R/

fr
n »

For the coordinates (o rrftr) of the contact point T , both the equations of the Mohr

stress circle, Egs. 7 and 8, and the equation of the master fracture curve (Eq. 9 or Eq.
10, respectively) are satisfied and the gradients of the Mohr stress circle and the
fracture envelope are identical. The mathematical expressions of these two conditions
lead to an analytical relation between:

e the master fracture curve in the (o, , 7, )-stress space where the fracture
criterion is originally defined, and

e the fracture curve in a (o, , o), )-stress space which represents the

sustainable externally applied stresses (o, , o3, 7).

In Figure 8, the two basic geometric relations for the derivation are visualized:

11
X__(drnt] fr ( )
= Tnt
do,

For o, <0, the implicit differentiation of the parabola Eq. 13 leads to

22'nftr (jrmj =-2p,, RLAL (12)
T

On

13



With Eq. 11 we derive
A
x=py, RO (13)
and we get for o at fracture

fr

1
On :E(O'lflr +O'|f|r| )"' P RJﬁ_ (14)

Together with Eq. 7 the fracture plane orientation angle ® ¢, can be calculated from

-2p,, RJ_AJ_
(‘7 |];r| -0 |f|r)

Keeping in mind the aim of transferring the parabola part of the master fracture curve

into the (o, , o), )-stress space, the (z'nftr )2 in the parabola Eq. 9 may be replaced by

cos(2® fp): (15)

the squared Eq. 8 which introduces a ®-dependency. Knowing that
sin®(20)=1-cos*(20), the relation of Eq. 15 substitutes ® and the o
parabola Eq. 9 may be replaced by Eq. 14.

, In the

The arising relation is the parabola part of the master fracture curve transferred into
the (o', o )-stress space:

i(o-lflrl _O-Iflr )2 = (Rﬁ)z[l—(pu)z}_ P Rﬁ(aﬁﬁ +O'|f|r) (16)

It describes a parabola which is symmetric with respect to the (o + o1 )-axis.

For o, >0, the ellipse part of the master fracture curve is transferred into the (o,
o )-stress space by the same procedure as that used for the parabola part leading to
an equation of an ellipse in the (o, , o}, )-space which is also symmetric with respect

to the (o, +o, )-axis:

A

i(alflrl _Ultr )2 :(RLAL )2 1- (pﬁ )2 PRy (Glflrl +GIT )_ = (O’ufﬁ +

1-C, 1-C, 4(1-C,)
(17)

It can be shown that for the whole region of validity of Eq. 17 the nominator will

satisfy the following condition: 1-C, > 0. The analytical solutions for X, anfr and

Oy, are

14

fr
Oy

)2



x=p. R +Cya," (18)

O_nfr _ 0. 5(O'ul +O'|| )"' P RJ_AJ_ (19)

1-C,

C, (O-Iflrl JrGlflr)JF2pu Rﬁ
(1_C2) (O-Iflrl _Ulflr)

cos(20 ¢,) = - (20)

For a complete definition of the IFF fracture curve in the (o), , o), )- stress space, we

have to define where, in the (o, , o), )-stress space, the parabolic part and where the
elliptical part forms the valid fracture curve.

Eq. 14 and Eq. 19 show the dependency of o on o, and o). Seeing that in the

fr

first quadrant, both stresses o, and o are positive, o,

is also positive and not
zero. In the third quadrant, both stresses are negative and therefore, according to Eq.
14, o, ' is also negative and not zero. From that finding it can be concluded that the

situation & =0 does only exist in the second and fourth quadrants, where o, and

o have different signs. Putting o, = 0 into Eq. 14 results in

(JIII +a” ) -2p,, Rjj_ (21)

Putting this into Eq. 16 results in

(of o )=t2RAI+(p. ] (22

From these two equatlons valid for a =0, it can be concluded that for the border

line between a "<0 and a " > 0 the following relationship exists (see Fig. 9):

fr fr
o oy

=+ pii (23)
O'lflrl O-II \/1"‘ pJ_J_

This means that in the third and fourth quadrants the parabolic fracture curve, Eq. 16

for o <0 is the valid one as long as

‘O'm*‘o'u‘ ‘ ‘
‘O-III Un‘ ‘\/1"' pu)z‘

If the condition according to Eq. 24 is not fulfilled the elliptical fracture curve Eq. 17
is valid in the 2™ or 4™ quadrant, see Figure 6. There is a further limitation of the

24)

15



validity of the developed (o, , o, )-fracture conditions. Neither the stress o, nor

the stress o, will ever be able to exceed R (see Fig. 9).

I
N
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Fig. 9: Characterisation of the limits of validity of the parabolic, the elliptical and the
straight fracture envelopes for a UD-composite subjected to a (o, , 03, 7,;)-state of

stress, the principal stresses of which are 0}, and o, .

If one or both of the two stresses reach this limit before the Mohr stress circle touches
the Master fracture curve on any other point, the material fractures due to pure tensile

o, on the fracture plane with the fracture angle ©,=0° or ©=90°. In the (o,

o )-stress space these states of fracture are represented by two straight lines:
oy =R and off =R/ (25)

If the straight lines hit the (o, o) fracture curve where the parabolic part is valid

(for o, <£0), they are called tensile cut-offs and the associated material behaviour is
called intrinsically brittle [21].
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Fig.10: Total view of the shape of the three different (0y,, o, )-fracture curves
(calculated with material properties of WWFE-II Test Case 1 [19]).

Let’s now have a closer look at the straight lines in Eq. 25 and the elliptical (0, ,
a,” )-fracture curve according to Eq. 17. At first sight one could expect a similar
tensile cut-off as it is known for the parabolic (o, o )-fracture curves. But this is
not true, the straight line 0'”, =R/ for instance touches the ellipse only in one point,

namely the point in which the ellipse shows its maximum o, value. This can be

concluded from the fact that the quadratic equation by which intersections of straight
line and ellipse can be detected does not show two solutions but only one. Normally, a
quadratic equation has two solutions because the solution consists of the sum of a
linear form and a tsquare root. But in the case in question the root term is zero. The

contact point of the straight line o\ =R has a o, coordinate which can be
calculated from

of =(1-CRM-2p, R/ (26)
with C, from Eq. 10

This smooth transition from the fracture mode of the combined 7, - and o -
stressing (on the ellipse) to a pure o -fracture mode on the straight line O'm =R/ A

or 0” = R/ is illustrated in Figures 9 to 12.

In Figs. 9, 10, 11, 12c and 14, it can be seen that if the fracture mode transition is
taken into consideration the upper part of the ellipse is covered by a rather small cap
with a rectangular corner. That means that in this region, “strength” is being added to
that one shown by the elliptical fracture envelope. This is a quite different situation

compared to that one in the region of o, <0 where the parabolic fracture is valid.
There the fracture mode transition cuts off parts of the parabolic fracture curve, see
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Figure 9a, and the “strength” is diminished. There the expression “tensile cut-off” is
correct. This is not the same for the elliptical fracture curve.

The sharp 90° corners of the fracture envelope predicted by the transition to the pure
tensile fracture mode are unrealistic for probabilistic reasons. The use of numerical
search of the fracture angle allows a physically reasonable “rounding” to be achieved
by the 7y, weakening procedure [4]. However, if the analytical solutions for the

fracture stresses are used then one should seek to obtain another suitable rounding
technique. In both cases, if the ‘cap’ on the ellipse is very small, it is perhaps
reasonable to neglect it completely and rely on the elliptic fracture curve as being the
valid one throughout. In this case one can expect to stay conservative.

3.2 Analytical relations for the stress exposure ratio

Up to this point it has been dealt with the (O'|f|r , alflrl )-fracture curves focussing on the

question whether the applied stresses are bearable or not. In this paragraph the results
are presented in different form, which is especially suited for engineering application.

During the design process, the question is not only whether or not a given stress state
leads to fracture but also how far a given stress state is away from fracture. Assuming
that all the applied stresses increase proportionally up to the fracture, the inter-fibre
stress exposure fg e is the relevant measure which linearly grows from 0 to the

fracture condition fg = 1. The reciprocal, the stretch factor, fqpr =1/fg e is

regarded as a measure of a safety factor [4]. Because the fracture conditions (Egs. 16
and 17) are functions of the first and second order in the stresses the stress exposure
fe can be calculated according to Eq. 12 in [4]. From Eq. 16 the IFF stress exposure

for o, <0 and the acting stresses o,, and o, is

fowsssplomeon [ o o)
2o ) o

EIFF =

27)

and for o, >0 from Eq. 17

2 2
feirr :ﬁ Cl(o'm +0 }' {Cl(glll +o ﬂ +KHG|“ _O-Ilj Jr4(:20'“‘7“&
A \2 2
with K:4(Ru) l:l—Cz—(pllj } 08)
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For cases in which the straight line envelope, Eq. 25, is valid, the IFF stress exposure
is simply

fo = Ol (29)

At
RJ_

3.3 Discussion of the (o, , o, )-fracture curves

3.3.1 Symmetry and Invariance
The parabolic and the elliptical part of the (o, , o, ) fracture curve meet each other
on two points on the boundary line for which o, = 0. This line has a small kink at the

origin of the coordinate system (see Fig. 9 and 10). In their point of contact parabola
and ellipse have the same gradient that means the two curves join without any

discontinuity. However, this requires the inclination parameters p$, and p}, to be
the same. In previous publications on Puck’s fracture criteria a choice was given to
the use of different values for p¢, and p!, but equal values were advised. In the

meantime, experience has shown that there is really no need for different p$, and

p' |, in the contrary , p¢, # p}, leads to a undesired discontinuity in the (o, , oy, )-
fracture curve, see above. Therefore, we now strongly recommend to use

pi. = ptu: P [19].

The (o), , 0y, )-fracture curve, composed of a parabolic section for o, <0 (according
to Eq. 16) and an elliptical section valid for o, >0 (according to Eq. 17), is

symmetric with respect to the line o, =0, . The latter axis also corresponds to the

diagonal %(a“, + 0oy )-axis. This implies that the central axis of the (o, oy, )-

fracture curve is rotated just +45° or —45° with respect to the o, -axis or the oy, -
axis, respectively. Bearing in mind that the stresses o), and o, are both transverse
stresses, they are therefore equivalent and the designation used for o, and o, is

arbitrary. Consequently, the o, -axis and the o, -axis are interchangeable.

So far, we have written the fracture conditions with the variables o, and o,, and

have avoided the use of o,, o3, 7,;. That was necessary because we wanted to make

use of the rather simple geometries approach which is made possible by the Egs. (7)
and (8) for Mohr’s circle. But it is no problem now to rewrite the fracture conditions

using the values o,, o3, 7,3 which are normally used to present the given stresses.

For transversely isotropic material, it does not matter if the stresses are given in the
(X > X )-coordinate system or in the (X,,Xy)-coordinate system. Any arbitrary
coordinate system can be used without changing the results of a fracture analysis. In

other words the fracture conditions must be invariant against a rotation of the
coordinate system around the x;-axis, while the stress combination is unchanged.
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In Eq. 20 and Eq. 21 only the sum (o, + o, ) and the difference (o, -0}, ) appear as
variables. Both are invariants and could be re-placed using o), +o,, =0, + 03

1 1
Z(O'n —oy )2 :Z(O'z _03)2 +7223 (30)

The product o, .o, which is appearing in Eq. 28 can be replaced in the following
way:

o) Oy =0, 03_7223 (31)

If the (o), 0y, )-fracture conditions are rewritten with those invariant they can be
used for given o,, 03, 7,; values without first calculating the principal stresses o,

and oy .

3.3.2 Fracture angles
In the following paragraph some interesting observations of the fracture angles @y, at

certain places of the (o, , 0, )-fracture curve are discussed. Figure 11 shows the total
(o) .oy )- fracture curve for a material with a rather high action plane fracture
resistance R{". On every line which is parallel to the axis whereo,,, = — o, we find
fracture angles ®¢, which differ from +45° by the same small angle, designated by
the symbol A. For the upper curve (valid for o, <o,,) the fracture angle is
O, =H(45°+4) and for the lower curve (valid for o, >0y, ) the corresponding

fracture angle is © ¢, =£(45°- 1). At the point belonging to uniaxial compression we

get from Eq. 19 with the material data for Test Case 1 of the WWFE-II [11, 19] a
fracture angle of © = £(45°+2.7°) = +47.7° on the upper curve and © = £(45°-

2.7°) = +42.3° on the lower curve. There are rather little differences of the angle ©,
in the area where o, <0 but a more rapid change of ®¢, takes place in the area

where o, > 0. On the straight line envelopes the fracture angle is of course 90° or 0°.
In Figure 11a and 11b, it is demonstrated how also in Mohr’s circles for the upper and
lower part of the (o) ,0), )-fracture curve the difference in fracture angle

(‘@ fp‘ =45°+ 1 or ‘G) fp‘ =45°- 1) can be seen.
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Fig. 11: Appearing fracture angles © ¢, [°] in Test Case 1 of the WWFE-I1 and

associated Mohr’s circles. (a) for 0, < oy, , (b) for o}, > oy, .

4 Intrinsically and non-intrinsically brittle behaviour

4.1 Material behaviour

The phenomena which will be discussed in this chapter are illustrated in details in

Figure 12. Within every master fracture curve a Mohr stress circle can be drawn

which touches the master fracture curve at T= (o' 7720) and at

(oF=R, 7= 0) at the same time. This circle is called transition circle (see

Figl2, upper row). It represents the limit between two domains of load cases, namely

those which lead to fractures with combined (o, 7z, ) on the fracture plane and those

which lead to fractures due to pure tensile o, . For geometrical reasons, o™ is the

maximum o, value for which combined (o,",7)-fractures occur before the
fractures shift to pure tensile fractures. The (O}, oy, ) stress state, which
characterizes the transition circle is that point in the ( 0y, oy, )-stress space, where

the straight line envelope meets the ( 0y, o}, )-fracture curve (see Fig. 12, 1).
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Fig. 12: llustrations of intrinsically and non-intrinsically brittle behaviour:
(a) intrinsically brittle, (b) at the limit of intrinsically brittle and (¢) non-intrinsically
brittle.

trans
n

intrinsically brittle [21] or not. By definition, an intrinsically brittle material will

tensile
n

The value of o, is a central parameter defining whether a material behaves

never break due to a combined (o , T, ) stress state on its fracture plane, hence

there is o™ <0 for these materials. As a consequence, the contact point T will
always be found on the parabolic part of the master fracture curve. An elliptical part
of the master fracture curve, which would be valid in a ™ >0 domain does not

exist for an intrinsically brittle material. The only material properties which are
involved in the fracture process where the parabolic fracture curve is the valid one are

Rﬁ and p,, .

The shape of the master fracture curve for non-intrinsically brittle material behaviour

fr, tensile

0 , 7)) -stress state on

allows o, >0 and thus fractures with combined (o
the fracture plane. According to that with non-intrinsically brittle material the shape
of an elliptical part of a master fracture curve does influence the fracture process. In

the (0y, oy, )-fracture condition now in addition to R® and p, also R™ appears
(see Eq. 17 and 10).

The difference between both material behaviours becomes most obvious by studying
a uniaxial transverse tensile case. An increasingly applied tensile o, or o5 (which

equals a pure O} or oy, stress in terms of principal stresses) is represented by a

growing Mohr stress circle which eventually touches the master fracture curve. In
case of an intrinsically brittle material behaviour the Mohr stress circle first touches
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the master fracture curve at T(o, =0, =RM,7T=0), see Fig. 12a. The physical

meaning is, that such a material breaks due to an applied uniaxial tension in the very
action plane of the applied tension and therefore the fracture resistance of the action

plane R{" equals the experimentally determined uniaxial transverse tensile strength
R!.

In contrast to that, a non-intrinsically brittle material may fail due to a combined

( o fr,trans

N ,Z'nftr ) stress state on an inclined fracture plane. In such a case R™ is not

identical with the uniaxial transverse tensile strength R! of the material. The fracture

resistance R ft has either to be determined by the parameter identification approach

below (see Sec. 4.2) or to be measured experimentally by a 0}, =0,, load case. In

such a load case, no 7, = %(0'”, — 0, )sin(20) is acting on any action plane (see Fig.

. . fi
11), and thus the fracture will occur due to pure tensile grfr = O'“r: o= R{* on an

arbitrary plane.

The constellation of the material parameters (R}, R, p,,) involved in the Egs. 9

and 10 defines the shape of the master fracture curve and thus the basic fracture
behaviour of a material mentioned above. It can be shown in the upper part of Figure
12b, that the radius, Iy, , of the shown Mobhr circle for the material, which is just at the

limit of intrinsically brittle behaviour can be expressed in two different ways

>
v = Rﬁ V1+ (pu) =P Ripi + RLAt (32)

Re-arrangement leads to the following formula for the limit of intrinsically brittle
behaviour:

1(RA RN }
===z | P (33)
2 [ R RA

This means that there is intrinsically brittle behaviour as long as Eq. 33 is valid.

! on=R., Gu"=0 Gm"=R_.‘
Fig. 13: Mohr circles and master fracture curve (a) for uniaxial transverse compression,
(b) for pure transverse/transverse shear and (c) for uniaxial transverse tension. All
stresses at their fracture limit.

qurz'R-c G|||[r=0 c"u{r:'R !
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From the experimental point of view, intrinsically brittle behaviour can also be
identified by looking at the transverse tensile strength R'and the

transverse/transverse shear strength R, . In the (o,, 7, )-diagram the former load

case is characterised by (0},=0, o, ), see figure 13c, the latter one by (0},= -0y, ),
see Figure 13b. For an intrinsically brittle material, both Mohr stress circles for both
cases meet the master fracture curve on the o, -axis where o,= o, = R™. As the

bearable amount of applied 7,; equals ‘U”‘:‘O]“‘ in the transverse/transverse shear
load case, there is

R, =R'=RM (34)

for an intrinsically brittle material.

GIII
R, =150 MPa

125

» O,

Fig. 14: (0}, oy, ) fracture curves calculated with Rfi =64MPa, p,, =0.25 and
different R/,

Up to now, in former applications of the Puck theory slight differences between
experimental R, and R} values have been neglected and all the common UD fibre

reinforced polymers were treated as intrinsically brittle material. Reported differences
between these two strengths have been attributed to experimental inaccuracies as the

experimental determination of R, is extremely difficult. Accordingly, the fracture
resistance of the action plane R has been set equal to the experimentally determined
R! and the transverse/transverse shear strength R, has not been used for the

parameter definition of the inter-fibre criterion. Thus the measured R, has not been

exactly met by the fracture prediction. The authors now expect some common UD
fibre reinforced polymer composites to be just in the transition zone between
intrinsically brittle and non-intrinsically brittle behaviour. Figure 14 demonstrates the
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dependence of the (0}, o}, )-fracture curve of non-intrinsically brittle material from
At
the magnitude of the tensile fracture resistance R .

4.1 Parameter identification: Fracture resistances of the action
plane R*

This section presents a new approach for the determination of IFF parameters in the
case of non-intrinsically brittle behaviour The (o, , 7, 7, )-master fracture body is

calibrated by the three action plane resistances R ft, Rfl, R fH only. They represent

the distances from the origin of the coordinate system to the points where the o, -,

Tot - Tn - Stress axes intersect the fracture envelope. The shape of the master fracture

nt
body is fixed by the decision that the contour lines which form the rim of longitudinal
sections through the master fracture body should be parabolic where o, <0 and

elliptical where o, > 0. Their gradients in the anchor point are given by p,,, piH ,
piH which can be varied to a certain degree, normally 0.1 to 0.3 (see Table 1 in [4]).

Please remember that we definitely have given up to distinguish pS,, p', and are

now using p,, only.

Section 4 did not deal with transverse/parallel shear stressing 7 , and the associated

1]

A

action plane resistance R i

has not been mentioned. For 7 il -shear stressing there is

no doubt that always

A _
Ry =Ry (33)

is valid. This is due to the fact that under r 1 -shear stressing the plane of the

application of 7 1 is also the plane with the highest stress exposure fg and therefore

also the fracture plane.

As already mentioned a comparable situation exists for R{"if the material behaves

intrinsically brittle. In this case R!is identical with the usual transverse tensile
strength given as follows:

RM=R! (36

For intrinsically brittle and non-intrinsically brittle material R? can not be

determined by a simple test. Up to now R, has been derived from the result of a
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uniaxial transverse compression test. If 0= —R| and o), =0 (see Figure 13a) are
inserted into Eq. 16 the following relationship is found

RS
2(1+ pll)

A _
R =

(37)

For the still unknown parametersR{‘and p,, there are also still two additional
equations available which have not yet been used, one from a uniaxial tension tests
and one from a fracture test with pure transverse/transverse shear stressing z, | . This
is true if the material behaves really non-intrinsically brittle.

For uniaxial transverse tension the two principal stresses at fracture are o, =0 and
o =R! and for pure 7, -stressing o, =— R,, and oy, =R, , see Mohr’s circle
in the (o, , 7, )-diagram in Figure 13c and 13b. If these strengths are inserted into
the (o, , oy, )-fracture condition, Eq. 17, for non-intrinsic material the following two

equations result, if R, is replaced by using Eq. 37:

R/ __Rf (38)
2(\/1_C2 - pu) 2(1"‘ pu)
R\/ 1-C, R
m =
1-C, _(pu )2 2(1 + pu)
(39)

2

. R* R*
with C, =|—+-| —-2p,, —=
RiAt RiAt

These two equations for the two still unknown values R™ and p,, make it much

easier now to determine p,, and R™ from given data for R' , R®and R,, compared
to the iterative procedure which we used in Part A [19] for Test Case 1. Please keep in
mind that the approach described above is only applicable if an R, value has been

determined by reliable experiements. In contrast to UD FRPCs this is the case for
isotropic material such as the pure resin material given in Test Case 1 of the WWFE-

IT [19]. There, the tensile strength R' (R! in transversely isotropic notation) and the

shear strength R® (R | in transversely isotropic notation) differed significantly and the

application of an approach for non-intrinsically brittle material became necessary.
Using the equations 37, 38 and 39 the parameters for a non-intrinsically brittle

fracture behaviour can be determined: R™, R™ and p (R™,R* and p, in
transversely isotropic notation).
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As long as no reliable experimental approaches regarding through-thickness shear are
available for UD FRPCs, it is reasonable to choose p,, between 0.2 and 0.3 (see

Tab. 1 in [4]) and derive R, using equation 39. The result is a consistent set of
parameters, both in the fracture plane-related and the original material coordinate
system. For an intrinsically brittle material, the resulting R, , should be close to R} .

5  Summary and Outlook

During the last two decades, numerous scientific and engineering studies revealed that
facture criteria of the Mohr/Coulomb-type like the Puck IFF criteria reliably describe
the physical mechanisms of inter-fibre failure in UD FRPCs. Compared to many other
criteria — commonly polynomials in the space of applied stresses interpolating
between experimentally accessible strengths — the Mohr/Coulomb-type criteria have
the drawback of additional computational effort: the search for the fracture angle.
Since 1992 [15] continuous efforts have been taken to derive analytical relations
which transform the action-plane related criteria of the Mohr/Coulomb-type into the
common (G}, G2, O3, T21, T31, T23)-stress space of applied stresses. Still this has not
been achieved for a general 3D loadcase, but in addition to the available solution for
the in-plane (o, 02, T21)-stress space the present paper provides another for the (o,
G2, O3, T23)-stress space. This is a major step towards a general analytical solution.
Besides the convenient determination of bearable stresses, an analytical solution also
provides quick access to the fracture plane orientation and the stresses on that plane
(6a", T, Tm™) which lead to the fracture. The earlier such information is available
during the design process, the more valuable is it regarding the improvement of load
paths or the choice / design of material.

Regarding the Puck fracture criterion itself it is worth mentioning that no reason for
any changes to the basic equations emerged over the years. Since 1996 [16] the
published fracture criteria in the (on", T, Tni")-stress space (see Fig. 42 in [4]) are
used without any changes. While these relations inherently cover intrinsically and
non-intrinsically brittle behaviour, the derivation of the analytical solutions now
reveals the underlying dependencies and led to an exact definition of the term finally.

The derivation of the results is based on the Mohr’s analogy between fracture
mechanics and analytical geometry. This reveals another important aspect of the
present work regarding isotropic material: The derived analytical solution can be
understood as a comprehensive analytical description of brittle failure in isotropic
materials. Here — for transversely isotropic UD FRPCs — we combined 65, 63 and 123
into the principal stresses oy and oy. When applied to isotropic material, oy and oy
are replaced by the major and minor principal stress (see Sec. 4.2.5.1 in [4]).

The basic ideas of the Puck theory were published back in 1992 [15] and in the
beginning the method of approach hesitantly gained acceptance as it significantly
differs from common global stress approaches. While the lack of literature impeded
the access to the theory in the beginning, nowadays the theory is well documented and
the number of users and supporters increased considerably. The theory including the
extension and development which are currently ready to use are described in the
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comprehensive textbook written by Knops [4] and several computer programs and FE
material subroutines are provided for purchase or download [22-24]. On the scientific
level, a comprehensive ABAQUS-implementation has been described in [19, 20].
Finally, it is worth mentioning that the capabilities of the Puck theory have been
proven in the WWFE-I [17, 18] and WWFE-II [11, 19]. The latter includes a
comparison with eleven different criteria and provides an extensive overview on
current approaches in UD FRPC failure prediction.
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